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Abstract. We make an attempt to understand the dominating set counting prob-
lem in graph classes from the viewpoint of polynomial-time computability. We
give polynomial-time algorithms to count the number of dominating sets (and
minimum dominating sets) in interval graphs and trapezoid graphs. They are
based on dynamic programming. With the help of dynamic update on a binary
tree, we further reduce the time complexity. On the other hand, we prove that
counting the number of dominating sets (and minimum dominating sets) in split
graphs and chordal bipartite graphs is #P-complete. These results are in vivid con-
trast with the recent results on counting the independent sets and the matchings
in chordal graphs and chordal bipartite graphs.

1 Introduction

Combinatorics is a branch of mathematics that often deals with counting various ob-
jects, and has a long tradition. However, the algorithmic aspect of counting has been
less studied. This seems due to the facts that most of the problems turn out to be #P-
hard (thus unlikely to have polynomial-time algorithms) and that not many algorithmic
techniques have been known.

In the study of graph classes, the situation does not differ. There are many studies on
decision problems and optimization problems, but fewer studies on counting problems.
Certainly, counting algorithms require properties of graphs that are not needed for solv-
ing decision and optimization problems. From this perspective, Okamoto, Uehara and
Uno studied two basic counting problems for graph classes. The first paper [8] studied
the problem to count the number of independent sets, and provided a linear-time algo-
rithm for chordal graphs. On the other hand, their second paper [7] in the series studied
the problems to count the number of matchings and perfect matchings, respectively, and
proved that the problem is #P-complete for chordal graphs (actually for split graphs).
They are also #P-complete for chordal bipartite graphs. It still remains open whether
the number of matchings (or perfect matchings) can be computed in polynomial time
for interval graphs, and even for proper interval graphs.

This paper is concerned with dominating sets. In this paper, we will try to under-
stand the dominating set counting problem from the viewpoint of polynomial-time com-
putability. Domination is one of the main subjects in graph theory and graph algorithms,

* The first and second authors are supported by Grant-in-Aid for Scientific Research from Min-
istry of Education, Science and Culture, Japan, and Japan Society for the Promotion of Science.



[[weakly chordal | [ bipartite ]
/ == u\\\chordalmemu
A
‘ cobipartite ‘ ‘ trapezoid ‘ L;E;o%élngl}:)fa}g
‘ pcrmumtioI || fmtervalf | ] split |

Fig. 1. Complexity landscape for the dominating set counting problem regarding graph classes.

and there are some books especially devoted to that topic [3, 4]. However, not much is
known for the counting aspect.

Our result. We give polynomial-time algorithms to count the number of dominating
sets (and minimum dominating sets) in interval graphs and trapezoid graphs. They are
based on dynamic programming. With the help of dynamic update on a binary tree,
we reduce the time complexity. On the other hand, we prove that counting the number
of dominating sets in split graphs, chordal bipartite graphs, and cobipartite graphs is
#P-complete, and counting the number of minimum dominating sets in split graphs and
chordal bipartite graphs is #P-hard.

Fig. 1 summarizes our results on counting the number of dominating sets. In the
figure, each arrow means that the class on the tail is a subclass of the class on the head.
For the graph classes in solid lines polynomial-time algorithms exist, and for the graph
classes in double solid lines the problem is #P-complete. For strongly chordal graphs,
in a dashed line, the question is left open.

As for counting the minimum dominating sets, Kratsch [5] very recently gave an
O(n")-time algorithm for AT-free graphs, while the polynomial-time computability is
open for strongly chordal graphs. Note that a trapezoid graph is AT-free, but the bound
of our algorithm is better than Kratsch’s algorithm.

Related work.On counting the number of independent dominating sets and the num-

ber of minimum independent dominating sets, Okamoto, Uno and Uehara [8] proved
the #P-hardness for chordal graphs, and Lin and Chen [6] gave linear-time algorithms
for interval graphs. We note that the parity version of the problem turns out to be triv-

ial: Brouwer, Csorba, and Schrijver [2] proved that every graph has an odd number of
dominating sets.

Preliminaries. In this paper, all graphs are finite, simple and undirected. A gt@ph
is denoted by a paifV, F) of its vertex sef” and its edge sef. The set of adjacent
vertices ofv is called theneighborhoodof v, and denoted bWw¢(v). If there is no
confusion, we simply writeV(v). For a vertex subseX C V, we denoteN (X) :=
(Uyex N(@)) \ X.

Foru,v € V, we sayu dominate if w andv are adjacent iid7. A subsetD C V
dominatew if at least one vertex ith dominatesy. A dominating sebf G is a vertex
subsetD C V that dominates all vertices ¥ \ D. A dominating set of5 is minimum
if it has the smallest number of elements among all dominating séts of
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Fig. 2. Example of an interval graph and the corresponding intervals.

In the analysis of our algorithms, the time complexity refers to the number of arith-
metic operations, not bit operations.

Due to the space constraint, we postpone the proofs of theorems/lemmas with *
marks to the full version.

2 Interval graphs

A graphG = ({1,...,n}, E) is interval if there exists a se{ly, ..., I,} of closed
intervals on a real line such thit, j} € E if and only if I, N I; # (. Such a set of
intervals is called amterval representationf G. It is known that there always exists

an interval representation in which the endpoints of intervals are all distinct, and we
can find such a representation of a given interval graph that is sorted by their right
endpoints irD(n +m) time [1], wheren is the number of vertices and is the number

of edges. Le{I4, ..., I,,} be such a representation, and let each interval be represented
asl; = [z;,y;]. By the assumption, it holds thgt < y; if i < j. For the sake of
technical simplicity, in the following we add an extra interfa), 11, y,+1] satisfying
thatz,, .1 > y; foralli € {1,...,n} andz,+1 < yn+1. See an example in Fig. 2. Note
that this addition only doubles the number of dominating sets.

2.1 Counting the dominating sets

The basic strategy is to apply the dynamic programming. To this end, we look at the
intervals from left to right, and keep track of the following families of subsets.

Let F'(i,j) denote the family of subse$ C {1,...,n} satisfying the following
two conditions;

1. j=max{j’ € {1,...,n} |5 €S} and
2. i =min{i’ € {1,...,n+ 1} | S does not dominaté}.

Note that for anys C {1, ...,n}, there exists a unique pdit, j) such thatS € F(i, j).
Moreover,S C {1,...,n} is a dominating set of the interval graph if and only if
S € F(n+1,j) for somej. Therefore, we readily obtain the following lemma.

n
Lemma 1. The number of dominating sets of the interval graplyis| F'(n + 1, j)|

i=1
O



The next is our key lemma, which indicates an algorithm based on dynamic pro-

gramming. Let*(j) := min{i’ | ¢/ € N(j) U {j},7 > j}, and letF ® {{;j}} denote
{S"U{j} | S € F} for F C 2iL--3=1} For instance, in the example of Fig. 2, we
havei*(1) = 3 andi*(3) = 7.

Lemma 2. For j =1,

— F(i,1) = {{1}}if i = *(1), and
— F(i,1) = 0 otherwise.

Forje{2,...,n+1},
— F(i,j) = 0ifi € N(j) U {j}.

- F(i.j) = | F6.5) | @ {{j}}ifi ¢ N(j)u{j} andi < j,

J'<ij

~ F(i.j) = U  UFEH | e{iiti=i),
VEN(§)U{s,i}t 5'<J
— F(i,5) =01if i > i*(5).
Proof. Consider the casg = 1. By the definition ofi*(1), we see that the vertices in
{1,...,¢*(1) — 1} are dominated by. Thus,F(i*(1),1) = {{1}} andF(i,1) = 0
wheni # i*(1).
Consider next the cage> 2. We distinguish the following three cases.
Case 1i € N(j) U {j}. This means thatis dominated by, and thusF'(i, j) = 0.
Case 2: ¢ N(j) U {j} andi < j. For anyS’ € F(i,5') with j* < 4, it holds that
S"U{j} € F(i,j) sincei ¢ N(j)U{j}. Onthe other hand, Ie&f € F (i, j) be chosen
arbitrarily. Since the intervals are sorted by their right endpointsiamdot dominated
by S, we see that’ ¢ N(j) for anyi’ < i. By the hypothesis o8 € F(i, ), every
i’ < i must be dominated by \ {j}. Hence,S \ {j} € F(i,j’) for somej’ < j.
Case 3i ¢ N(j) U {j} andi > j. If i > i*(j), thenF(i,j) = 0 sincei*(j) is
not dominated byj. If i = i*(j), then by the definition of*(j), in a similar way to

Case 2, itholds thaf(i,j) = | U FGi,7 U U U F@.5) ] @ {j}} =
< YENGU{) 3

PeN (G5} 5’ <i

( U U F(l”d”)) ®{{ij}} O

A naive dynamic-programming algorithm based on the lemma rug¥ir?) time.
In the next section, we discuss how to obtain a faétet log n)-time algorithm using
a binary-tree data structure.

2.2 Speeding up the dynamic programming

We defines(i,j) = ?:1 |F'(i,7")| for any pair ofi,j € {1,...,n + 1}. Then
s(n+1,n) = 3°0_, [F(n + 1,5')| is the number of dominating sets of the interval



graph, from Lemma 1. From Lemma 2, we hax¢*(1),1) = |F(i*(1),1)] = 1 and
s(i,1) = |F(¢,1)| =0fori # i ( ).

Now leti..(j) := max{i’ | i’ ¢ N(j)U{j} andi’ < j}, where we definé...(j) :=
0if there is noi’ < j such that’ ¢ N(j) U {;j}. For instance, in the example of Fig. 2,
i+x(3) = 2 andi,.(4) = 0. Then, anyi < 4,.(j) satisfies that ¢ N(j) andi < j.
Furthermore, any € {i..(j) + 1,...,4*(j) — 1} satisfies that € N(j) U {j}. Thus,
from Lemma 2, we have the following fgre {2,...,n+ 1}:

— s(i.5) =2 s(i,j — 1) if i <)),

- s(hg) =s(,j -1+ Y, s j-1)ifi=i(),
i’:i**(j)+1

- s(i,7) = s(i,7 — 1) otherwise.

This way, we have af)(n?)-time algorithm to compute(n + 1, n), that is, the number
of dominating sets of the interval graph. Namely, we computej),...,s(n + 1,7)
froms(l,j —1),...,s(n+1,j — 1) foreachj € {2,...,n + 1} in O(n) time. This
already improves the bound above.

Now, we discuss how to compug€l, j), ..., s(n+1,5) froms(1,5—1),...,s(n+
1,7 — 1) in O(log n) time. To achieve such a running time, we cannot explicitly com-
pute alls(1,35),...,s(n + 1,7), since it would taked(n) time. However, the recur-
sive formula above is structured: We either multiply by two over the inteival
{1,...,i.(j)}, add the sum of the valuegi’, j — 1) over the interval’ € {i..(j) +
1,...,4*(j)}, or do nothing. This suggests the use of a binary-tree structure to update
these values in an implicit way.

We represent the intervals, . . ., I,,+1 and the values(1, j),...,s(n+1,7)inan
ordered binary tred’. The treel” has heigth(log n), with a rootr, and withn + 1
leaves corresponding to the intervdls... ., I, 11: We name the leavek ..., n + 1
and the leaf corresponds to the interva). The structure of” does not change through
computation, but only the values carried by nodes change.

To represent(i, j), every nodey € T carries two values’ (v) andc’ (v) satisfying
the following three conditions;

w (v) = I (v) - (W (ur) + wj(UQ)) for every inner node, (1)
s(i,7) = w (i) H ¢ (u) foreveryleafi € {1,...,n+ 1}, 2
u€Anc(i)

wherewu; andus are the children of, andAnc(v) denotes the set of proper ancestors
of v. Whenj = 1, we setc! (v) := 1 forallv € T, w!(v) := 0 for all v # i*(1), and
w!(i*(1)) := 1. Note that this choice makes the conditions above satisfied yvhen.
These values are interpreted as follows. The valifg) plays a role o(i, 5), but since
we multiply two in an implicit fashion, we use another valtti¢i) for this purpose, and
sos(i, j) cannot be equal te’ (i), but equal to the product @f’ (i) and thec? (u) for
all proper ancestors of i.

In our algorithm, we always keep these conditions satisfied, and we only use these
conditions for our proof.

Then we observe the following.
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Fig. 3. An example of representing ancestors wher- 15. For the leaveg3, ..., 11}, shown
by the solid-line interval, the representing ancestors are depicted by white nodes.

Lemma 3 (*). If w’ and¢’ satisfy conditions (1) and (2), then

Yoosip)=w) ] dw)

i€L(v) u€Anc(v)

holds for any noder € T, whereL(v) denotes the set of leaves in the subtre& of
rooted atw.

For a consecutive sequence of leayés. . . ,i»} of T, we define theepresenting
ancestorsS;, ;, as a minimal subset of nodes Tn satisfying thatUUeSn‘i2 L(v) =
{i1,...,i2}. Note thatifv,v" € S;, ;, andv # ¢/, thenL(v) N L(v") = (). Fig. 3 shows
an example. Then, we see that

i

dos@i= >, Y stiip= >, W [[ dw),

i=i1 VESiy iy 1€L(V) VESiy iy u€Anc(v)

where the last equality follows from Lemma 3.

Note that given a consecutive sequence of ledves .., i2} of T, we can find its
representing ancestoss, ;, in O(logn) time in a bottom-up fashion. This also shows
that the number of representing ancesto3 (kg n).

Now we are ready to describe our algorithm to comp(tg j),...,s(n + 1,)
froms(1l,7 —1),...,s(n+ 1,7 — 1). First, we give a rough outline.

Step 1. We identifyi...(j) andi*(j).

Step 2. Foreveryi € {1, ..., 0. (j)} lets(i,j) =2 - s(i,j — 1) in an implicit way.

Step 3. We sum ups(i/,j — 1) over alli’ € {i..(j)+1,...,4} in animplicit way, and
add it tos(i, j — 1) to obtains(i, j).

For implicit updates, we use the following flush operation. 1le¢ a leaf ofl", and
up, - . . , ug be the sequence of nodesBffrom the rootr to ¢ satisfying thatuy = r,
uq = i anduy is a child ofu,_; for each? € {1,...,d}. Further, let, be the child of
uy_1 different fromu,. The flush operation IFUSH(7) turnsc’ andw? into & andw’
in the following way.

— &(ug) =1forall¢ e {0,...,d —1}.
— @ (ug) = w? (uy) - H ¢ (u) andd’ (vy) = w? (vy) - H ¢ (u) for all

u€Anc(ug) u€Anc(vg)
te{l,...,d}.
— & (u) = ¢ (u) andw’ (u) = w’ (u) for all otheru.



Note that the operation can be performe®ifiog ») time in a top-down manner, since
d = O(logn). Also observe tha#’ and«? satisfy conditions (1) and (2), and hence
s(i, ) = @ (i).

We now discuss how to perform each step in more detail.

In Step 1, we need to identify..(j) andi*(j). To findi..(j), we look for the right-
most interval{I, ..., I;_1} that does not intersedt; (remind thatl; represents the
interval corresponding to the vertéy Here, the rightmost interval means the interval
with rightmost right endpoint. Note thatIf intersectd; andl < < i’ < j — 1, then
I;» also intersectg,. Thereforej,.(j) can be found irD(log n) time by binary search.

Similarly, to find:*(j), we look for the leftmost interval iff;1, ..., I, 41} that
does not intersedt;. If we further store the sorted order &f, ..., 1,41 by their left
endpoints, by the same argument as above, we cai*fiiglin O(logn) time.

Before Step 2, we performUBSH(i..(j)) and FR.UusH(i*(j)) for later use. This
only takesO(logn) time. Leté ! andw’~! be the values obtained by these flush oper-
ations. The order of executions of these flushes does not matter: the results are identical,
and we only need to ensure thdt...(j),7 — 1) = @/ ! (i..(j)) ands(i*(j),5 — 1) =
Wi (4))-

In Step 2, we first identify the representing ancestyrs ;). For later reference,
let S = Si;..(;. Note that at most one representing ancestor can be a |&af iof
which i, (j) is such a representing ancestor. For every non-leaf representing ancestor
v € S, sete? (v) = 2-¢(v). If i,..(j) is a representing ancestor, thenwséti...(j)) =
2- w71 (i4(j)). The whole procedure in Step 2 can be don®{iog n) time from the
discussion above.

In Step 3, we first identify the representing ancest®ys ;) 1,i-(;)—1. For later
reference, leb” = S, (j)+1,i-(j)—1- Then, set

w! (i*(7)) = 2@ (i (4)) + Z @ (v) - H &1 (u)

veS’ u€Anc(v)

A top-down calculation of the right-hand side only tak¥3og n) time. Thus, the whole
computation in Step 2 can be doneQrilog n) time.

Finally, if ¢ (v) and/orw’ (v) are unset yet, then we keep them unchanggd:) =
&@~1(v) andw’ (v) = w7 ~1(v), respectively. Then, we adjust the value&«) for all
u € SUJ,esAnc(v) U Anc(i*(j)) in a bottom-up manner to keep condition (1)
satisfied. This can also be done(xilog ) time: For unset values, we do not have to
set the values explicitly, but we just keep these values; For the adjustment, observe that
the number of nodes iU J, . ¢ Anc(v) UAnc(i*(j)) is O(log n). Note thatw’ (u) =
w’~*(u) for every node: that does not belong t6 U | J, . ¢ Anc(v) U Anc(i* (7).

This completes the description of the whole algorithm. The running time amounts
to O(logn), and after iterating ovef € {2,...,n}, we getO(nlogn) as the overall
time complexity.

We now prove its correctness. Note that after the whole procedure condition (1) is
satisfied. Therefore, it suffices to prove that condition (2) is satisfied<If...(5), then



there exists a unique ancestoe Anc(i) such that € S andi € L(v). Hence,

sig)=2-sij - N =200 [ @'
u€Anc(i)
= wj—l(i) (2 éj—l(,u)) . H Ej_l(u)
u€Anc(i)\{v}
—w(i)-d) . [ dw=w) [] ).

u€Anc(i)\{v} u€Anc(i)

If i = 4..(j), then we have two cases.ilf.(j) ¢ S, then we can proceed as above
fori < iw(j). f iwe(j) € S, thens(i,j) = 2-s(i,j — 1) = 2 - @/ ~1(i) = wi(i) =
w? (i) lueanci ¢ (u), where the second equality holds sine&BH(i.. (j)) was per-
formed, and the last equality holds sinééu) = ¢/~!(u) = 1 due to FUSH(i..(j)).

If i = i*(j), then

i*(4)

s(i*(4),4) = s(@* ()i -+ Y. s@i-1)

=i () +1
i (j)—1
=25, i -+ Y, s(,ji-1)
V=t (§)+1
=2 @G+ Y ) [ @
veS’ u€Anc(v)

=207 (i (f)) + (W (i*(4) — 2- @7 (5 (4)))
=w(@*(7) = (@*G) - [ ),

uw€Anc(i*(j))

where the last equality holds sine&(u) = & ~!(u) = 1 due to RUSH(i*(j)).

Thus, we conclude that our algorithm correctly computesind w’ that satisfy
conditions (1) and (2). After iterating the procedure in the increasing ordgr of
{2,...,n}, we outputs(n + 1,n). This is the number of dominating sets. Thus, we
obtain the following theorem.

Theorem 1. We can count the number of dominating sets ofiarertex interval graph
in O(nlogn) time, when the graph is given by a setahtervals sorted by their right
endpoints. O

2.3 Counting the minimum dominating sets

By slightly modifying the recursion formulas in Lemma 2, we obtain a polynomial-
time algorithm for counting the number of dominating sets of each possible size in an
interval graph. We definé” (i, j, k) as{S € F(i,j) | |S| = k}. Then we have the
following.

Lemma4. Forj =1,



1) = {{1}}ifi =4*(1), and
— F'(i,1,k) = 0 otherwise.

Forje{2,....,n+1},
— F'(i,j, k) =0ifi € N(j)U{j};

- F'(ig,k) = | U /(65" k- 1)> ® {7} ifi & N(j) u{j} andi < j;

J'<j

— F'(i,j,k) = ( U U @5k - 1)) ® {{j}}ifi =)
FEN()U{,i} 3'<i
— F'(i,,s) = 0if i > i*(j). 0

Based on this lemma, we obtain the following theorem in a similar way to the dom-
inating set counting problem.

Theorem 2. Given amn-vertex interval graph, we can count the number of dominating
sets of each possible size, hence the number of minimum dominating €¢ts Ing n)
time. O

In a similar way, we can deal with trapezoid graphs.

Theorem 3 (*). Given ann-vertex trapezoid graph, we can count the number of dom-
inating sets inO(n?logn) time, and the number of dominating sets of each possible
size, hence the number of minimum dominating set3(itt log n) time.

3 Split graphs

A graph issplit if its vertex set can be partitioned into a cligue and an independent set.
In other words, it can be obtained from a bipartite graph by adding edges to turn one
partite set into a clique. Note that a split graph is always chordal.

Theorem 4. Counting the number of dominating sets in a split graph is #P-complete.

Proof. We reduce the following problem to the problem in the statement: Count the
number of independent sets in a bipartite graph. This is known to be #P-complete [9].
Recall that arindependent seh a graph is a vertex subset that induces no edge.

Let G = (U,V;E) be a given bipartite graph whet&/| = n and|V| = m.
Without loss of generality, we assume tiiahas no isolated vertex, and thivg; (V') =
U. (Otherwise, letk be the number of isolated vertices ¢h Then, the number of
independent sets 2 times the number of independent sets in the graph obtained from
G by deleting all isolated vertices.)

Consider an independent sebf G, and letX := SNU. Then,(SNV)NNg(X) =
(0. Namely,S NV C V' \ Ng(X). ThereforeS gives rise to a paifX,Y) € 2V x 2V
such thaty = SNV C V \ Ng(X). On the other hand, for any paiX,Y) €
2V x 2V such thaty” € V \ Ng(X), we can see thak U Y is independent irG.
This means thaf + (X,Y") is a one-to-one correspondence, and this correspondence
yields the following formula if we denote byd(G) the number of independent sets in



G:ind(G) = {(X,Y) € 2V x 2V | Y CV\ Ng(X)}| = X xcp 2!V \WelXI Let
v; = |{X CU | Ng(X) = i}|. Then, the above formula can be rephrasgd&(ss) =
2m 3 v;27%. Therefore, if we are able to knowy, v1, . .., v, in polynomial time,
then we can retrievaad(G) in polynomial time.

Let G be a split graph constructed frofby filling the edges between all pairs of
vertices inU.

Let D be a dominating set @f;. Then, there exists a unique pair of Sel§Y) €
2V x 2V such thatD = X UY U (V \ Ng(X)). Note that this is also valid when
X = () since we have assumed th§t: (V) = U. Also note thatt” C Ng(X) (re-
minder: J" means a disjoint union). On the other hand, for akyC U and any
Y C Ng(X), thesetD = X UY U (V \ Ng(X)) is a dominating set ofs. There-
fore,D + (X,Y) is a one-to-one correspondence, and this correspondence yields the
following formula if we denote bydom(G;) the number of independent setsaGh:
dom(G1) = 3 e 2Ne0 = 57 0,21,

More generally, we construct a split graph from G as follows. The vertex set of
G consists olU andj copiesVi, ..., V; of V. We denote the copy af € V in V;; by
vy As for the edges, every pair of verticeslinis joined by an edge. A vertex € U
is joined by an edge with;, € V. if and only if {u, v} is an edge ofs.

Let D be adominating set @¥;. Then, there exists@@+1)-tuple(X, Y3, ...,Y;) €
2V x 2% x ... x 2% such thatD = X U, (Y U (Vj \ Ne(X)). We can see
this is a one-to-one correspondence as in the argumerdfoil herefore, we obtain
dom(G) = 3 ey (2WNaONT = Sy (27).,

Thus,dom(G;) is represented as a linear combinationvgf. .., v, for all j =
1,...,m+1. We want to extract, . . . , v/, from these combinations. This can be done
if we regard them as a system of linear equations in which. ., v,,, are variables. It
turns out that the coefficient matrix in the system is a Vandermonde matrix, and thus
non-singular. Therefore, if we hadem(G ) forall j € {1,...,m+ 1} in polynomial
time, then we obtaim; for all ¢ € {0,..., m} in polynomial time. This concludes the
reduction. (This proof technique is often called thierpolation method ad

Theorem 5 (*). Counting the number of minimum dominating sets in a split graph is

#P-hard.

4 Cobipartite graphs

A graph iscobipartiteif it is the complement of a bipartite graph. Namely, the vertex
set can be partitioned into two cliques. Note that a cobipartite graph is cocomparability
graph, and thus AT-free.

Theorem 6 (*). Counting the number of dominating sets in a cobipartite graph is #P-
complete.

Note that we can easily count the number of minimum dominating sets in a cobi-
partite graph, since the size of a minimum dominating set is always at most two.



5 Chordal bipartite graphs

A graph ischordal bipartiteif it is bipartite and every induced cycle is of length four.

Theorem 7. Counting the number of dominating sets in a chordal bipartite graph is
#P-complete.

Proof. We reduce the following problem to the problem in the statement: Count the

number of independent sets in a bipartite graph. This is known to be #P-complete [9].
LetG = (U, V; E) be a given bipartite graph. We construct a chordal bipartite graph

G, ; as follows. The vertex set @, ; isU UV U{a, j |uwe U j €{1,...,j}}U

{boj |veV,ie{l,....750}U{pl |ec E,i' e {1,...,i}}U{¢; |e€ E,i €

{1,...,i}}. The edge set o7, ; is {{u,v} | v € U,v € V} U {{ay,j,u} | v €

U.j" € (L 1 U{{bugro) [0 e Vij' € {1, i} U{{p5, a5} e € B,i' €

{L,...;i}}U{{u,p5} lueUeecEBuced e{l,...,i}}U{{v, ¢} |veV,ee

Eveei €{1,...,i}}.

Let D be a dominating set aff; ;. Let X = DN U andY = DN V. Then, it
must hold thatz, ;; € D forallu € U\ X,j" € {1,...,5}, andb, j € D for all
veV\Y,j €{l,...,5}. Foran edge = {u,v} € F suchthatu ¢ X orv ¢ Y,
at least one of¢, and¢g should belong td for everyi’ € {1,...,i}. Therefore, for
fixed X C U andY C V, the number of dominating sef3 such thatX = D N U and
Y =DnVisequalto

4 i-e(X,Y)
PNl T 92 ] 3i:2j<|X|+Y|>.3iE.<) ’

3
{uv}€Fr, {u,v}€E,
ueX,veY ugX orvgY

wheree(X,Y) = |{{u,v} € E | u € X,v € Y}|. Therefore, the number of dominat-
ing sets inG; ; is equal to

4 i-e(X,Y)
dom(Giy) = 37 37 2dXIHVD il ()
XCUYCV 3

|2

N
_ S (XY <3|E| (> ) .
k=0 \ xCU,ycv, 3

e(X,Y)=k

=05k

Then, from the interpolation method, by solving this system of linear equations, we can
retrieved; o, ..., d;, g fromdom(Gy ;),...,dom(G|g|+1,;) in polynomial time.
Now notice that

[U|+|V]
0= § i (IXI+1Y]) — § 23204@,
XCU,YCV, =0

e(X,Y)=0



wherea, denotes the number of independent sets of inez, sinceX U Y is inde-
pendent inG if and only if e(X,Y) = 0. Then, by the interpolation method, we can
retrieveay, . . ., jy|4|v| froméi o, ..., dy|4+|v|+1,0 In polynomial time. Thus, the re-
duction is completed. ad

Theorem 8 (*). Counting the number of minimum dominating sets in a chordal bipar-
tite graph is #P-hard.

6 Concluding Remarks

We have investigated the dominating set counting problem in graph classes from the
viewpoint of polynomial-time computability. An obvious open question is to determine
the complexity of the dominating set counting problem and the minimum dominating
set counting problem for strongly chordal graphs. Further investigation should be done
from the viewpoints of approximation and fixed-parameter tractability, too.

A similar question can be asked for counting the number of minimal dominating
sets. In the full version, we prove #P-hardness of the problem in cobipartite graphs and
chordal bipartite graphs.
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