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A complete answer for the Turdn-type problems
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Proof outline | (Lecture 9)

® Deduce the Erd6s-Simonovits-Stone thm from the Erdés-Stone
thm

® Deduce the Erdds-Stone thm from its weaker version
© Prove the weaker version of Erdds-Stone thm
Proof outline |l (today)

® Deduce the Erdés-Simonovits-Stone thm from the Erdés-Stone
thm

® Use Szemerédi's regularity lemma to prove the embedding lemma
® Use the embedding lemma to prove Erdés-Stone thm



¥ s > 1,r > 2 natural numbers

ex(n, Trs,,)_ B 1
L

We have seen the Erdés-Stone theorem 9.4 implies the
Erd6s-Stone-Simonovits theorem 9.3

G = (V,E) a graph; X, Y C V disjoint
e e(X,Y)={{u,v} e E|lueX,ve Y}

o d(X,Y) = ‘T(;(“;/l) (called the density of (X, Y))

@ Review of Lecture 9

® Density and e-regular pairs

© Szemerédi's regularity lemma

@ Embedding lemma and a proof of the Erdés-Stone theorem

@ Algorithmic issue

G = (V,E) a graph; A, B C V disjoint; ¢ > 0

(A, B) is e-regular if for all X C Aand Y C B,
|X| > elAl,

Y| > ¢|B| = |d(X, Y) - d(A, B)| < ¢

Large subsets X, Y of A, B (resp.) look similar to A, B (as far as the
density is concerned)




Density and e-regular pairs Density and e-regular pairs

Regular pairs look like random bipartite graphs (1) Proof idea of Lemma 11.1

Lemma 11.1 Suppose not

G = (V, E) bipartite w/ its partite sets A, B, |A| = |B| = n; e Ay ={veA|d(v) < (d—e)n}

(A, B) e-regular w/ its density d = e . d(A;,B) <d—¢

A2 = {V €A | d(V) > (d—i—s)n} (Note: A1 N A2 = @)

{veA|(d—e)n<d(v) < (d+e)n}| = (1-2¢)n. o . d(Ay,B) > d+e

Then, |A; U Ay| > 2en

EOte bipartite rand h G = (AU B, E) by joini S AL > enor |A| > en
onstruct a bipartite random graph G = (AU B, y joining two _ i .

vertices v € A, u € B w/ prob. d/n? independently at random. Then [Ar] > en = [d(Ay, B)=d(A,B)| < ¢ (by ¢ regular!ty of (A, B))
e E[d(A B)]=d |As| > en = |d(Az, B)—d(A, B)| < e (by e-regularity of (A, B))

e In both cases, we have a contradiction O
e E[d(v)] = dn
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Density and e-regular pairs Density and e-regular pairs
Regular pairs look like random bipartite graphs (2) Proof idea of the lemma 11.2 (1/2)
Lemma 11.2 First, estimate the number of vertices in V; that have many
Setup neighbors in both of V, and V3

e G = (V,E) a tripartite graph with its partite sets Vi, V5, V3
o [Vi|=|Vo| =[Va|=n
e (V;, V) is e-regular with density d, V 1 < i < j < 3, for some |Xo N X5

Let X; = |[{ve Vi | (d—e)n < |Ng(v) N Vi| < (d+e)n}| (i € {2,3})

|X2| + |X3| — |X2 U X3|

€>00<d<1 > (1-2¢)n+(1-2¢)n—n
e c<d/2 (by Lem 11.1)
Statement = (1-4e)n

o # Ks'sin G > (1—4e)(d—e)*n®

Note: the exact coefficient “(1—4¢)(d—e)®" is not important, but
it's important to note the coefficient only depends on ¢ and d
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Density and e-regular pairs

Proof idea of Lemma 11.2 (2/2)

Fix an arbitrary v € X; N X3
let S;(v) = Ng(v)NV; (i € {2,3})
|S2(v)| > (d—e)n > (2e—e)n =en

o |S3(v)| > (d—e)n > (2e—¢)n = en (similarly)
e . by the e-regularity of (V5, V3), we have
e(52(v), S3(v)) = d(Sa(v), S53(v))[S2(v)[ISs(v)]
> (d—e)-(d—e)n-(d—e)n
= (d—e)®*n?
e Hence
#of K3'sin G > Z e(Sz(v), S3(v))
veXoNXs
> (1-4¢)n- (d—e)?n?
= (1-4e)(d—¢)*n® O
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Szemerédi's regularity lemma

Today's contents

Density and e-regular pairs

Extension of the previous lemma

® Review of Lecture 9

® Density and e-regular pairs

© Szemerédi's regularity lemma

@ Embedding lemma and a proof of the Erdés-Stone theorem

@ Algorithmic issue
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Lemma 11.3
VreNVYde(0,1)Jeg<1Ic>0Ve<g Vgraph G s.t.
e G an r-partite graph with its partite sets Vq,...,V,
o Vil= =V =n

e (V;, V) is e-regular with density d, V i,j € {1,...,r}
it holds that
o # K/'sin G > cn”

Proof: Exercise (Hint: Induction on r)

Note

From the previous lemma, when r = 3 we can take ¢g = d/2 and
c = (1—4e0)(d—¢&p)®

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 14 / 46

Szemerédi's regularity lemma

e-Regular partitions

G = (V,E) agraph; € > 0;
{Vo, V4, ..., Vi} a partition of V (w/ possibly Vo = ()
Definition (e-Regular partition)
{Vo, Vi, ..., Vi} is e-regular if
* Vol <elV]
o Vil =---= [V
o [{(i,j)|1<i<j<k (ViV,) note-regular} | < ek?

V. Vi
W e
va Va Vy is called an exceptional set
Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 16 / 46



Szemerédi's regularity lemma

Szemerédi's regularity lemma

Szemerédi's regularity lemma

Quantitative version of Mantel's theorem

Szemerédi's regularity lemma (Szemerédi '76)

YV & > 0 a real number V ny > 1 an integer
I Ny € NV G a graph:

G has an e-regular partition

m(C)2m0 = ry Vi Vi w/ mo < k< No

Intuition
Evey dense graph looks like a union of random bipartite graphs

o Often called “Szemerédi’s uniformity lemma” too

e We are not going to prove Szemerédi's regularity lemma, but
looking at some applications of it
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Szemerédi's regularity lemma

Proof outline

@ Apply Szemerédi's regularity lemma to G
@® Consider a regularity graph R of G (next slide)

® Conclude that R contains a copy of K3 (by Mantel's theorem)
and apply Lemma 11.2

Whole idea
Under some assumptions, to conclude G contains many Kj, it is
enough to show R contains K3

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 19 / 46

The following proposition gives an estimate for the number of K3's
contained in an n-vertex graph with more than n?/4 edges

Proposition 11.4 (Quantitative version of Mantel's theorem)
Vd>03npeNIc>0V G=(V,E) a graph:

n(G) = n > no,
1 - 3
e(G) > GM) 2 = # Ks'sin G > an

The above proposition “counts” the number of K3's, not just

showing the existence of K3 as Mantel's theorem

Theorem 2.7 (Mantel 1907)

e(G) > |n?/4] = K; C G J
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Szemerédi's regularity lemma

Regularity graphs

G a graph; £ > 0;
{Vo, Vi,..., Vi} an e-regular partition of G; |Vi| =--- = |Vk| = ¢,
0<d<1
Definition (Regularity graph)
The regularity graph R of {Vo, V4, ..., Vi} with parameters ¢, /¢, d is
defined as follows:

e V(R)=A{Vy,..., Vi}

e E(R)={{Vi, V;} | (V;, V) an e-regular pair of density > d}

Vi V3
1% VA e
W e a8
[
Vo Vi Vo Vs
G R
Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 20 / 46



Szemerédi's regularity lemma

Rephrasing the quantitative version

We actually prove the following

Vé6>03npeNINeNIe>03de(0,1]3c>0
vV G = (V,E) a graph:
1
n(G) =n Z no,e(G) Z Z+6> n2
— V {Wo, Vi,..., Vik} an e-regular partition of G
(HQSkSNQ, |V1|::|Vk|:€)

the regularity graph of {V;} with param'’s ¢, ¢, d contains K3
= # Ks'siin G > cn®

Here, Ny is a natural number that Szemerédi's regularity lemma gives
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Szemerédi's regularity lemma

Proof idea of Proposition 11.4 (2/11)

Szemerédi's regularity lemma

Proof idea of Proposition 11.4 (1/11)

To show R has a lot of edges, we separately consider the following
five types of edges in G

° E:EoUE1UE2UE3UE4

e Er={ecE|Vone#N

e feee LRSS L e )

.« E= {e S E| o aame (V] ) not e }
e feee| UrzzbuEL L)

Ey={ecE|eCV,forsome Vie{l,... ,k}}
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Given ¢ > 0, we specify £ = £(0) and ng = np(d) later
o Apply Szemerédi's regularity lemma to G with parameters ¢ and
ng to obtain a number Ny € N and an e-regular partition
Vo, Vi, ..o, Vi (o < k < Np, [Vi| =+ = | V| =)
e Let d = d(d,¢, ny) be constant we specify later, and R be the
regularity graph of { Vg, V4, ..., Vi} with parameters ¢, ¢, d

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 22 / 46

Szemerédi's regularity lemma

Proof idea of Proposition 11.4 (3/11)

Ec={ecE|Vone#D}

gl < (1R 1wlivi v
< <€2n>+z—:n ke
< 822r72+5n k%
= 62n2+8n2
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Szemerédi's regularity lemma

Proof idea of Proposition 11.4 (4/11)

B Vine#0,Vine#10
El—{eGE‘ for some {V;, J}EE(R)}

B = ) eViV)

{Vi,Vi}eE(R)

< Y v

{Vi,V;}€E(R)
>, £

{Vi,V;}€E(R)
e(R)(?

n 2
(R (})
e(R) 2
k2 "

IA
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Szemerédi's regularity lemma

Proof idea of Proposition 11.4 (6/11)
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Szemerédi's regularity lemma

Proof idea of Proposition 11.4 (5/11)

B Vine#0,Vine#1
E3_{66E‘ for some (V;, V) w/ d(V;, J)<d}

E| < (# pairs) - df?

- (§) ar<ta () -0

Es={ec E|eCV,forsome V,ic{l,...,k}}

14 2 k /n\2
< k. < k. <PV 2
Bl = K <2>—k 2_2(k> 2k"
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Ezz{eeE‘ Vine#0,Vine#10 }

for some (V;, V;) not e-regular

|Ey| < (# non e-regular pairs) - 2
< ek??
n 2
< o0 ()
k
= en?
Recall
# non e-regular pairs in Vi, ..., Vi < ek? in any e-regular partition
Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 26 / 46

Szemerédi's regularity lemma

Proof idea of Proposition 11.4 (7/11)

e Therefore,

|E|

IN

|Eo| + |E1| + | E2| + | Es| + | E4l

2
(%Jre)n + =57 ( )2 1 e +dn —%%n2

e(R) 1, d 1Y\ ,
< —
< <k2 + 5 2 +2k>

e On the other hand, from the assumption we have

|E| > (%4—5) n?

IN
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Szemerédi's regularity lemma

Proof idea of Proposition 11.4 (8/11)

e Therefore,

1 e(R) 1, d 1
S48 < - 26+ — + —
4+ S e +25+5+2+2k

1 1 d 1
R) > (=+8d—2e2—-2e— - — — ) k?
e(R) > <4+5 5€ €5 2k)
) 1 )

OSettingsﬁ,no{ﬂ, :Zwehave

e(R) > <% +7> k2

for some ~y only depending on § (calculation in the next slide)
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Szemerédi's regularity lemma

Proof idea of Proposition 11.4 (10/11)

Szemerédi's regularity lemma

Proof idea of Proposition 11.4 (9/11)

We now have )
for some vy only depending on 4.

e . R contains a copy of K3 (from Mantel's theorem)

o . The e-regular partition of G has three parts, say V;, V>, V3,
such that (V;, V}) are e-regular (1 < i < j < 3) with density d
e . Vi, Vs, V5 contain at least (1—4¢)(d—¢)3® Ks's
(by Lemma 11.2 and e = 6/16 < §/8 = d/2)
e Namely, G contains (1—4¢)(d—¢)3® Ks's

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 31 /46

1 1, d 1
- ) VO
20T TET T
1 1 1 1 1
> 40— —0%2—-Z6—=6—=0 k> ny > 1%
=370 75 T80 8 2 (k= no 2 3)
1 1 1
= 45—
4 + 4 512
1 )
= -4+ —(128—¢
4 * 512( 8 )
1 )
>~ 4+ —(128 -1 - <1
> 4+512( 8—-1) (*.- we may assume § < 1)
1 n 1276'
4 5127
127
Th ty=—0
en set 513
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Szemerédi's regularity lemma
Proof idea of Proposition 11.4 (11/11)
How many K3's at least in G, eventually? |
(1—4e)(d—e)33
1— 3
> s (570)
3 3
= (1-4e)(d—e)’(1—¢) e
3
> (1—45)(d—5)3(1—5)3% (No in Regularity lemma)
0
= c(e, d, No)n®
and ¢, d only depend on §; Ny only depends on &, ny which only
depend on §; .". ¢ only depends on § [l
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Szemerédi's regularity lemma Embedding lemma and a proof of the Erdés-Stone theorem

Quantitative version of Turdn's theorem Today's contents

Lemma 11.5 (Quantitative version of Turdn's theorem)

VreNYI>03dng e NI NgeNIe>03de(0,1]F3c>0
V G = (V,E) a graph:

® Review of Lecture 9

1 . . .
n(G) = n = o, e(G) > (1 i — 1+5> <g> ® Density and e-regular pairs
= V {Vo, Vi,..., Vk} an e-regular partition of G s " ity |
(o < k < Nov [Vi| = -+ = |Vi| = 0): © Szemerédi's regularity lemma
the regularity graph of {V;} with param'’s ¢, ¢, d contains K,
= # K/'sin G > cn’ © Embedding lemma and a proof of the Erdés-Stone theorem

Here, Ny is a natural number that Szemerédi's regularity lemma gives
@ Algorithmic issue

Proof

Exercise
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Embedding lemma and a proof of the Erdés-Stone theorem Embedding lemma and a proof of the Erdés-Stone theorem

| think we somewhat missed our road map... Expanding vertices in a graph

We want to show the following G=(V,E) agraph;seN

Rephrasing the Erdds-Stone thm Notation

V s > 1,r > 2 natural numbers Vo > 0dn; € NVn > n V G: The graph G(s) is defined as follows:

n(G) =n > m and e V(G(s)) =V x{1,....s}

(02 (1- 2 +0) (3) > 62T, o E(6(5)) = {{(u1).(v.)} | {uv) € )

Proof outline

o Use Szemerédi's regularity lemma to prove the embedding lemma

e Use the embedding lemma to prove Erdés-Stone thm

Note: K,(s) ~ T,

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 35 / 46 Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 36 / 46



Embedding lemma and a proof of the Erdés-Stone theorem

Embedding lemma

Embedding lemma and a proof of the Erdés-Stone theorem

Proof idea of the Erdés-Stone thm (1/4)

Embedding lemma (Komléds, Simonovits '96)
Vde(0,1]VA>1
% >0
YV G a graph V H a graph w/ A(H) < A
Vy<v%VseNYL>s/y
YV {Vo, Vi,..., Vk} a y-reg partition of G (V4| = = |Vk| = 0):
R is the reg graph of {V;}
w/ param’s 7, ¢, d, and — HCG
H C R(s)

Under some assumptions, to conclude G contains H, instead of
showing R contains H, it is enough to show R(s) contains H

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 37 / 46

Embedding lemma and a proof of the Erdés-Stone theorem

Proof idea of the Erd8s-Stone thm (2/4)

Rephrasing the Erdds-Stone thm

V s> 1,r > 2 natural numbers V§>03dn, e NVn>n V G:
n(G)=n>ny and

1 n
e(G)Z <1——r_1+(5> <2> :>G2 Trs,r

Proof outline:
e Enough to show T, C R(s) under the given assumption

(by the embedding lemma)
e . enough to show K, C R under the assumptions

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02

Embedding lemma and a proof of the Erdés-Stone theorem

Proof idea of the Erdés-Stone thm (3/4)

38 / 46

We use the following as well

Lemma 11.5 (Quantitative version of Turdn's theorem)
VreNVI>0dmeNIN,eNTe, >03dr €(0,1]
vV G = (V,E) a graph:
1
n(G)=n=>n,e(G) > (1 + —1+5> (g)
r pa—
— V {Vo, Vi, ..., Vi} an ep-regular partition of G
(n2 S kS N2, |V1| == |Vk| :g)
the regularity graph of {V;} with param'’s ¢,, ¢, d» contains K,

Here, N, is a natural number that Szemerédi's regularity lemma gives

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 39 / 46

Given s > 1,r > 2,0 > 0 (as in the Erdés-Stone thm)
e Lem 11.5 gives ny(r,d), Nao(r,0), a2(r,9), da(r,9)
e letd=d,

Let A = A(Tx,) = (r—1)s

Embedding Lemma gives 7o = 7o(d, A)

(sl
Let ny > max<m, ———
’70(1—5)

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02

Let £ < min{vo, €2} (Note: ¢ < &2)
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Embedding lemma and a proof of the Erdés-Stone theorem

Proof idea of the Erd6s-Stone thm (4/4)

Let G satisfy n(G) = n > nq, and H satisfy A(H) < A
(Note: n > n,)

By Regularity Lemma, 3 an e-reg partition { Vo, V4, ..., Vi} w/
|V1|:: ‘Vk|:£and n2§k§N2

Note: this e-reg partition is e5-reg as well

Let R be the regularity graph of {V;} w/ parameters ¢, ¢, d

e Bylem1l5 (ande <ep, d < dh), K, CR
e . Trs,r g R(S)
e Let v =€ (Note ¢ < min{~o,£2} < o)
e Then ¢ > (1—e)n > (I—e)m > l—e MNos s
No No No 70(1-€) 70
e . By Embedding Lemma, T,., C G O
Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02 41 / 46

Algorithmic issue

Deciding a given pair is e-regular

Problem e-REGULARITY

Input: A graph G = (V/, E) with its partite sets A, B and a real
number € > 0

Question: Is {A, B} e-regular?

Fact (Alon, Duke, Lefmann, Rédl, Yuster '94)

Problem e-REGULAR is coNP-complete

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (11) 2008-07-02

Algorithmic issue

Today's contents

® Review of Lecture 9

® Density and e-regular pairs

© Szemerédi's regularity lemma

© Embedding lemma and a proof of the Erdés-Stone theorem

@ Algorithmic issue
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Algorithmic issue

Finding a e-regular partition

Now comes a strange phenomenon... What if we want to construct
one partition?

Problem e-REGULARITY PARTITION

Input: A graph G = (V, E) and a real number € > 0
Output: An e-regular partition of G

Fact (Alon, Duke, Lefmann, Radl, Yuster '94)

Problem e-REGULAR PARTITION can be solved in polynomial time

This “algorithmic version” of Szemerédi's regularity lemma is quite
useful (in theory)
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Algorithmic issue Algorithmic issue
Colorable? or far from being colorable? Approximately finding a maximum edge cut

The following was proved with the regularity lemma Fact (Frieze, Kannan '96)
Fact (Duke, Rodl '85) Fix € > 0. Given an n-vertex graph G, we can compute in polynomial
Ve>0VkelNdIc3IdV G an n-vertex graph: time an edge cut [X, X] of G that satisfies

G contains a c-vertex non-k-colorable subgraph or ][X*’F” — ][X,7]| < en?

G has dn? edges whose removal leaves a k-colorable graph

where [X*, X*] is an edge cut with maximum number of edges

The following is an algorithmic version

Fact (Alon, Duke, Lefmann, Radl, Yuster '94) e Their algorithm uses ideas from Szemerédi's regularity lemma
(Another algorithm by Arora, Karger, Karpinski '95 is based on
integer linear programming and random sampling)

an O(1)-vertex non-k-colorable subgraph of G or o If G is “dense” (|[X*, X*]| = Q(n?)) then this algorithm is a
O(n?) edges whose removal leaves a k-colorable graph polynomial-time approximation scheme (PTAS)

e The “(-way version” is also available (Frieze, Kannan '96)

Fix e > 0, k € N. For a given n-vertex graph G we can find either

in polynomial time
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