
Topics on

Computing and Mathematical Sciences I

Graph Theory

(4) Matchings II

Yoshio Okamoto

Tokyo Institute of Technology

April 30, 2008

”Last updated: Tue Jul 15 21:55 JST 2008”

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (4) 2008-04-30 1 / 33



Matchings in bipartite graphs

Today’s contents

• Matchings in bipartite graphs

• Independent sets

• Matchings in general graphs

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (4) 2008-04-30 2 / 33



Matchings in bipartite graphs

Matchings (Recap)

We promised to answer the following questions

• Is it always possible to find a matching and a vertex cover of the
same size for bipartite graphs?

• Answer: Yes (Kőnig-Egerváry theorem)

• Is it possible to certify the non-existence of a perfect matching
in a (non-bipartite) graph easily?

• Answer: Yes (Tutte’s theorem)
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Matchings in bipartite graphs

Matchings in bipartite graphs: Hall’s theorem

First, a certificate for the non-existence of a perfect matching

Theorem 4.1 (Hall’s theorem ’35)

G = (V , E ) a bipartite graph with partite sets X , Y
G has a matching saturating X ⇔ |N(S)| ≥ |S | for all S ⊆ X

Note: Hall’s theorem gives a good characterization for bipartite
graphs with perfect matchings
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Matchings in bipartite graphs

Proof of Hall’s theorem

Proof Idea.

[⇒] Easy direction
[⇐] Proof by Contradiction

• M a maximum matching not saturating X

• We want: a set S ⊆ X with |N(S)| < |S |
• Fix an M-unsaturated vertex u ∈ X

• S = {x ∈ X | ∃ a u, x-path that is M-alternating}
• T = {y ∈ Y | ∃ a u, y -path that is M-alternating}

X

Y

u

S

T
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Matchings in bipartite graphs

Proof of Hall’s theorem (continued)

Proof Idea (cont’d).

• Claim 1: M saturates T and S \ {u}
(Consequence: |T | = |S \ {u}| = |S | − 1 < |S |)

• Claim 2: T = N(S)
(Consequence: |N(S)| = |T | < |S |)
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Matchings in bipartite graphs

Hall’s theorem: Application

Theorem 4.2 (Frobenius ’17)

Every k-regular bipartite graph has a perfect matching (k ≥ 1)

Proof idea.

Double counting: count the number of edges between S and N(S) to
apply Hall’s theorem (Also remember Exercise 1.3)
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Matchings in bipartite graphs

Kőnig-Egerváry theorem: Strong duality

Definition (Matching number and covering number (recap))

α′(G ) = the size of a maximum matching of G
β(G ) = the size of a minimum vertex cover of G

Corollary 3.12 (Weak duality, last lecture)

For any graph G , α′(G ) ≤ β(G )

Theorem 4.3 (Kőnig-Egerváry Theorem, Kőnig ’31, Egerváry ’31)

For any bipartite graph G , α′(G ) = β(G )
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Matchings in bipartite graphs

Proof of Kőnig-Egerváry Theorem

Setup: G = (V , E ) a bipartite graph with partite sets X , Y

Proof idea.

For bipartite graphs, we may use Hall’s theorem

• Fix a minimum vertex cover C ⊆ V arbitrarily

• Goal: Construct a matching M ⊆ E s.t. |M | = |C |
• Let H ′ = G [(X ∩ C )∪ (Y \ C )] and H ′′ = G [(X \ C )∪ (Y ∩ C )]

X

Y

X ∩ C

Y ∩ C

H ′′ H ′
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Matchings in bipartite graphs

Proof of Kőnig-Egerváry Theorem (continued)

Setup: G = (V , E ) a bipartite graph with partite sets X , Y

Proof idea (cont’d).

• H ′ has a matching M ′ that saturates X ∩ C (why?)

• H ′′ has a matching M ′′ that saturates Y ∩ C (similarly)

• M = M ′ ∪ M ′′ is a matching of G

X

Y

X ∩ C

Y ∩ C

H ′′ H ′
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Matchings in bipartite graphs

Remark: Weak duality and strong duality

For every bipartite graph G , we had two theorems

α′(G ) ≤ β(G ) (weak duality)

If we find a matching M and a vertex cover C of the same size
(|M | = |C |), then this proves M is a maximum matching and C is a
minimum vertex cover

α′(G ) = β(G ) (strong duality, min-max theorem)

We can always find such M and C

This is similar to Duality Theorem of Linear Programming, and actually

the Kőnig-Egerváry theorem can be derived from Duality of Linear

Programming (via the integrality of the associated linear inequality

system, keywords: total dual integrality, MFMC property)
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Matchings in bipartite graphs

Finding a maximum matching in a bipartite graph

Kőnig-Egerváry theorem suggests an algorithm to find a maximum
matching of a bipartite graph G

Algorithm (Primal-Dual Method, rough idea)

1 Find a matching M and a vertex cover C of G

2 If |M | = |C |, they are optima

3 If not, we make either M larger or C smaller

4 Go back to 2nd step and repeat

This method is not that effective for the maximum matching problem
for bipartite graphs, but is effective for other various problems,
including the weighted maximum matching problem for bipartite
graphs
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Matchings in bipartite graphs

Finding a maximum matching in a bipartite graph (2)

State of the art

• O(
√

nm logn(n
2/m)) (Feder, Motwani ’95; Goldberg, Kennedy ’97)

• O(n2.376) randomized (Ibarra, Moran ’81)

Open problem

Is it possible to get a deterministic O(n2.376) algorithm for this
problem, or faster?
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Independent sets
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Independent sets

Independent sets, cliques

G = (V , E ) a graph; S ⊆ V a vertex subset

Definition (Independent set, clique)

S is an independent set of G if no two vertices in S are adjacent
S is a clique of G if any two vertices in S are adjacent

A stable set is an alias of an independent set
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Independent sets

Independence number and clique number

G = (V , E ) a graph; S ⊆ V an independent set of G

Definition (maximum and maximal independent sets)

S is a maximum indep. set if |S | ≥ |S ′| for all indep. sets S ′ of G ;
S is a maximal indep. set if S ∪ {v} is not indep. for all v ∈ V \ S

Maximum and maximal cliques are defined similarly

Notation

α(G ) = the size of a maximum independent set of G
(called the independence number or the stability number of G )

ω(G ) = the size of a maximum clique of G
(called the clique number of G )

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (4) 2008-04-30 16 / 33



Independent sets

Relationship among independent sets, cliques, and matchings

Observations

• S an independent set of G ⇔ S a clique of G

• S an independent set of G ⇔ V \ S a vertex cover of G

• M a matching of G ⇔ M an independent set of L(G )

In particular: α(G ) + β(G ) = n(G ) and α(G ) = ω(G)
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Independent sets

α, β, ω

Karp ’72

Finding a maximum independent set is NP-hard (Consequently,
finding a minimum vertex cover and a maximum clique is NP-hard)

No polynomial-time algorithm is expected

Remark

A minimum vertex cover of a bipartite graph can be found in
polynomial time (through Kőnig-Egerváry’s theorem);
Consequently, a maximum independent set of a bipartite graph can
be found in polynomial time
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Matchings in general graphs
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Matchings in general graphs

Perfect matchings in general graphs

Question

Is there a good way to certify the non-existence of a perfect matching
in (not necessarily bipartite) graphs?

For bipartite graphs, we have Hall’s theorem
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Matchings in general graphs

Odd components

Definition (Odd component)

An odd component of a graph G is a connected component with odd
number of vertices

Notation

o(G ) = the number of odd components of G

o(G ) = 3
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Matchings in general graphs

Odd components and a perfect matching

Observation

G has a perfect matching ⇒ ∀ S ⊆ V (G ): o(G−S) ≤ |S |

S |S | = 4, o(G−S) = 5

In particular: o(G ) = 0 (= |∅|)
Consequence

∃ S ⊆ V (G ): o(G−S) > |S | ⇒ G has no perfect matching
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Matchings in general graphs

A characterization of graphs with a perfect matching: Tutte’s theorem

Theorem 4.4 (Tutte ’47)

G has a perfect matching ⇔ ∀ S ⊆ V (G ): o(G−S) ≤ |S |

Proof idea (Lovász ’75).

[⇒] Already done
[⇐] Consider a maximal counterexample G = (V , E ), namely

1 G satisfies the RHS condition (∀ S ⊆ V : o(G−S) ≤ |S |)
2 G has no perfect matching

3 G+e has a perfect matching ∀ e �∈ E

• Let U = {v ∈ V | dG (v) = n(G )−1}; Consider G−U

Case 1: Every connected component of G−U is complete

• We can find a perfect matching of G easily since o(G−U) ≤ |U|
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Matchings in general graphs

A characterization of graphs with a perfect matching: Tutte’s theorem

Proof idea (continued).

Case 2: ∃ a connected component H of G−U that’s not complete

• H has two non-adjacent vertices x and x ′

• The first three vertices x , y , z of a shortest x ,x ′-path satisfies
{x , y}, {y , z} ∈ E and {x , z} �∈ E

• ∃ w ∈ V (G ) s.t. {y , w} �∈ E (since y �∈ U)

• Let M1, M2 perfect matchings of G+{x , z}, G+{y , w} resp.

x ′

x

y

w

z
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Matchings in general graphs

A characterization of graphs with a perfect matching: Tutte’s theorem

Proof idea (further continued).

Claim: M1 ∪ M2 contains a perfect matching of G

• Use the edges in M1 ∩ M2, and look at M1�M2

• If {x , z} and {y , w} lie in different components of M1�M2...

• If {x , z} and {y , w} lie in the same component of M1�M2...

x

z

w

y

x z

w y
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Matchings in general graphs

A consequence of Tutte’s theorem

Theorem 4.5 (Petersen 1891)

G 3-regular with no cut-edge =⇒ G has a perfect matching

Proof idea.

Apply Tutte’s theorem

• Double counting: count the number of edges between S and the
odd components of G−S for an arbitrary S ⊆ V (G )
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Matchings in general graphs

Another consequence: the Berge-Tutte formula

What about a min-max theorem for general graphs?

Theorem 4.6 (the Berge-Tutte formula; Berge ’58)

α′(G ) = min

{
1

2
(n(G ) + |S | − o(G−S)) | S ⊆ V (G )

}

Proof.

An exercise
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Matchings in general graphs

Finding a maximum matching in a graph

Milestone in the history (Edmonds ’65)

We can find a maximum matching of a given graph in polynomial
time

State of the art

• O(
√

nm logn(n
2/m)) (Goldberg, Karzanov ’95)

• O(n2.376) randomized (Mucha, Sankowski ’04; Harvey ’06)

Open problem

Is it possible to get a deterministic O(n2.376) algorithm for this
problem, or faster?
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Open problems
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Open problems

Computing the number of perfect matchings

Fact (Ryser ’63)

The number of perfect matchings of a 2n-vertex bipartite graph can
be computed in O(2npoly(n)) time

Open Problem

Can we do any faster?

Other facts

• The problem is #P-complete (Valiant ’79)

• This value can be efficiently approximated with an arbitrary
precision

(Jerrum, Sinclair, Vigoda ’04: Fulkerson prize winner ’06)
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Open problems

Shannon capacity (Shannon ’56)

Definition (Strong product)

The strong product G×H of graphs G , H is defined by

• V (G×H) = V (G )×V (H)

• E (G×H) =

{
{(u, u′), (v , v ′)}

∣∣∣∣ {u, v} ∈ E (G ), u′=v ′ or
{u′, v ′} ∈ E (H), u=v

}

Definition (Shannon capacity of G )

Θ(G ) = sup
k→∞

(α(G×G× · · ·×G︸ ︷︷ ︸
k times

)1/k)

Motivated by the determination of an effective size of an alphabet in
some noisy communication model
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Open problems

Shannon capacity (continued)

Facts

• Θ(Cn) = n/2 if n even (Not difficult)

• Θ(C5) =
√

5 (Lovász ’79)

Open Problem

Determine Θ(C7)

Known: 3.2237 ≤ Θ(C7) ≤ 3.3176 (see Vesel, Žerovnik ’02)

• Determining α(C7×C7×C7×C7×C7) would improve the lower
bound
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Open problems

Shannonc capacity, computationally

Problem (Shannon Capacity)

Input: a graph G and a rational number r
Question: Θ(G ) ≥ r?

Open Problem (Alon, Lubetzky ’06)

Is Shannon Capacity decidable?
(Namely, is there any algorithm to solve Shannon Capacity?)

It’s not known the problem is NP-hard

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (4) 2008-04-30 33 / 33


	Matchings in bipartite graphs
	Independent sets
	Matchings in general graphs
	Open problems


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


