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A characterization of bipartite graphs

How can we tell the graph is bipartite?

Definition (recap): Bipartite graph

A graph G = (V , E ) is bipartite if
V can be partitioned into two parts V1, V2 s.t.
{u, v} ∈ E ⇒ u ∈ V1, v ∈ V2
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A characterization of bipartite graphs

How can we tell the graph is bipartite?

Definition (recap): Bipartite graph

A graph G = (V , E ) is bipartite if
V can be partitioned into two parts V1, V2 s.t.
{u, v} ∈ E ⇒ u ∈ V1, v ∈ V2

Question

Among these graphs, which is bipartite?
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A characterization of bipartite graphs

A characterization of bipartite graphs

Theorem 2.1 (A characterization of bipartite graphs, Kőnig ’36)

A graph G = (V , E ) is bipartite ⇐⇒ G contains no odd cycle
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A characterization of bipartite graphs

A characterization of bipartite graphs

Theorem 2.1 (A characterization of bipartite graphs, Kőnig ’36)

A graph G = (V , E ) is bipartite ⇐⇒ G contains no odd cycle

Proof idea.

We may assume G is connected, without loss of generality
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A characterization of bipartite graphs

Theorem 2.1 (A characterization of bipartite graphs, Kőnig ’36)

A graph G = (V , E ) is bipartite ⇐⇒ G contains no odd cycle

Proof idea.

We may assume G is connected, without loss of generality
[⇒] Every cycle should alternately visit different partite set...
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A characterization of bipartite graphs

A characterization of bipartite graphs

Theorem 2.1 (A characterization of bipartite graphs, Kőnig ’36)

A graph G = (V , E ) is bipartite ⇐⇒ G contains no odd cycle

Proof idea.

We may assume G is connected, without loss of generality
[⇒] Every cycle should alternately visit different partite set...
[⇐]

• u ∈ V an arbitrary vertex (fixed)

• For all v ∈ V let f (v) = the minimum length of a u, v -path in G

• A = {v ∈ V | f (v) even} and B = {v ∈ V | f (v) odd} give rise
to partite sets of G

Lemma 2.2 : Every closed odd walk contains an odd cycle

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (2) 2008-04-16 4 / 34



A characterization of bipartite graphs

Good characterization

How can we convince others that a given graph is bipartite?

• We can just exhibit a bipartition of the vertex set
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A characterization of bipartite graphs

Good characterization

How can we convince others that a given graph is bipartite?

• We can just exhibit a bipartition of the vertex set

How can we convince others that a given graph is not bipartite?

• We can exhibit all candidates of bipartitions and show any of
them do not fit the definition; This is too inefficient!!!
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A characterization of bipartite graphs

Good characterization

How can we convince others that a given graph is bipartite?

• We can just exhibit a bipartition of the vertex set

How can we convince others that a given graph is not bipartite?

• We can exhibit all candidates of bipartitions and show any of
them do not fit the definition; This is too inefficient!!!

• The theorem gives an efficient way; Just exhibit an odd cycle

In this sense, the theorem is good; it gives an efficiently verifiable
certificate for non-bipartiteness

Concept (Edmonds ’65)

A characterization is good if it provides an efficiently verifiable
certificate
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Euler circuits

Today’s contents

• A characterization of bipartite graphs

• Euler circuits

• Hamiltonian cycles

• Extremal problems

• Review of useful proof techniques
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Euler circuits

Euler circuits and Eulerian graphs

Definition (Euler circuit)

An Euler circuit in G is a circuit in G in which every edge of G
appears exactly once

Definition (Eulerian graph)

G is Eulerian if it contains an Euler circuit

Example:
1

2

3

4

5

6

7 8

109

f

e

dc

b

a
g

h

a, b, g , e, h, b, c, d , e, f , a
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Euler circuits

Which graph is Eulerian?

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (2) 2008-04-16 8 / 34



Euler circuits

A characterization of Eulerian graphs

Theorem 2.3 (A characterization of Eulerian graphs, Euler 1736)

A graph G is Eulerian ⇔ G has the following properties

1 All edges of G lie in the same component of G

2 The degree of each vertex of G is even

Proof idea.

[⇒] Easy direction
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Euler circuits

A characterization of Eulerian graphs

Theorem 2.3 (A characterization of Eulerian graphs, Euler 1736)

A graph G is Eulerian ⇔ G has the following properties

1 All edges of G lie in the same component of G

2 The degree of each vertex of G is even

Proof idea.

[⇒] Easy direction
[⇐] Useful proof technique: Extremality

• Choose a longest trail t of G ...

• t starts at some vertex v , and should return to v because of the
assumption; So t is a circuit

• If t isn’t an Euler circuit, then ∃ an edge e that doesn’t
participate in t; ...
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Euler circuits

Determining whether a graph is Eulerian or not

Problem (Eulerian Graph)

Input: A graph G
Question: Is G Eulerian?

Theorem 2.3 is a good characterization for a graph to be Eulerian,
leading to an O(n+m)-time algorithm

“Finding one” is another issue, but this can also be done in
O(n+m)-time (Hierholzer 1873)
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Hamiltonian cycles

Today’s contents

• A characterization of bipartite graphs

• Euler circuits

• Hamiltonian cycles

• Extremal problems

• Review of useful proof techniques
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Hamiltonian cycles

Hamiltonian cycles

Definition (Hamiltonian cycle (path))

A cycle (or a path) in G is Hamiltonian if it contains all vertices of G

Definition (Hamiltonian graph)

G is Hamiltonian if it contains a Hamiltonian cycle

Example:
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Hamiltonian cycles

Relationship of Eulerian and Hamiltonian graphs

Definition (Line graph)

The line graph of G is a graph L(G ) defined as

• V (L(G )) = E (G )

• E (L(G )) = {{e, f } | e, f ∈ E (G ), e ∩ f �= ∅}
Example: 12

16

23

34

37 45

15

17

57

2

3 4

57

1 6

L(G)G
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Hamiltonian cycles

Relationship of Eulerian and Hamiltonian graphs

Definition (Line graph)

The line graph of G is a graph L(G ) defined as

• V (L(G )) = E (G )

• E (L(G )) = {{e, f } | e, f ∈ E (G ), e ∩ f �= ∅}
Example: 12

16

23

34

37 45

15

17

57

2

3 4

57

1 6

L(G)G

Proposition 2.4 (Eulerian graphs have Hamiltonian line graphs)

G is Eulerian =⇒ L(G ) is Hamiltonian
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Hamiltonian cycles

An attempt for a characterization of the Hamiltonian graphs

To determine whether a given graph G is Hamiltonian or not,
it suffices to find H s.t. G = L(H) and determine whether H is
Eulerian or not
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Hamiltonian cycles

An attempt for a characterization of the Hamiltonian graphs

To determine whether a given graph G is Hamiltonian or not,
it suffices to find H s.t. G = L(H) and determine whether H is
Eulerian or not

Problem

Such a graph H might not exist
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Hamiltonian cycles

Determining the Hamiltonicity

Problem (Hamiltonian Cycle)

Input: a graph G
Question: Is G Hamiltonian?

Karp ’72

Hamiltonian Cycle is NP-complete

∴ We can’t hope for a poly-time algo for Hamiltonian Cycle
∴ We can’t hope for a good characterization for the existence of
∴ Hamiltonian cycles
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Hamiltonian cycles

Is a graph the line graph of some graph?

Problem (Line Graph)

Input: a graph G
Question: Does there exist H s.t. G = L(H)?

Known facts

• Good characterizations (van Rooij, Wilf ’65; Beineke ’68)

• An O(n+m)-time algorithm (Lehot ’74)
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Hamiltonian cycles

Intuition? 1

Question: Is the following true?

If G has many edges, then G surely contains a Hamiltonian cycle

What if e(G ) ≥ n(G )2/4?
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Hamiltonian cycles

Intuition? 1

Question: Is the following true?

If G has many edges, then G surely contains a Hamiltonian cycle

What if e(G ) ≥ n(G )2/4?

Theorem 2.5 (Density doesn’t help for Hamiltonicity)

∀ ε < 1 ∃ n ∃ a non-Hamiltonian n-vertex graph G s.t. e(G ) ≥ ε

(
n

2

)

Proof idea.

Given ε, construct such a graph G
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Hamiltonian cycles

Intuition? 2

Question: Is the following true?

If δ(G ) is large, then G surely contains a Hamiltonian cycle

What if δ(G ) ≥ n(G )/4?
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Hamiltonian cycles

Dirac’s theorem

Theorem 2.6 (Min-degree condition for Hamiltonicity, Dirac ’52)

n(G ) ≥ 3, δ(G ) ≥ �n(G )/2 =⇒ G Hamiltonian

Before a proof

Observation

δ(G ) ≥ �n(G )/2 ⇒ G connected

Proof: By the averaging argument
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Hamiltonian cycles

Dirac’s theorem: proof

Proof idea.

Useful techniques: Extremality and Pigeonhole principle (PhP)

• Suppose ∃ a non-Hamiltonian graph G with δ(G ) ≥ n(G )/2

• Consider a longest path P = v1, . . . , vk of G (k ≤ n(G ))

• Consider boxes 1, . . . , k−1

• Put a red ball in box i if v1 and vi+1 are adjacent;
Put a blue ball in box i if vi and vk are adjacent

• # red balls ≥ n(G )/2, # blue balls ≥ n(G )/2

• ∃ i s.t. box i contains a red and a blue balls (by PhP)

• ∴ v1, v2, . . . , vi , vk , vk−1, . . . , vi+1, v1 is a cycle

• This should be a Hamiltonian cycle (why?)
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Hamiltonian cycles

Can a coefficient be made smaller?

We saw

• “δ(G ) ≥ n(G )/4” is not sufficient for Hamiltonicity

• “δ(G ) ≥ �n(G )/2” is sufficient for Hamiltonicity

Question

Can we make “�n(G )/2” smaller to ensure G to be Hamiltonian?

Observation

For every n ≥ 3, there exists an n-vertex non-Hamiltonian graph G
with δ(G ) = �n/2 − 1

In this sense, the bound “δ(G ) ≥ n(G )/2” is tight

This is an example of Extremal Problems

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (2) 2008-04-16 21 / 34



Extremal problems

Today’s contents

• A characterization of bipartite graphs

• Euler circuits

• Hamiltonian cycles

• Extremal problems

• Review of useful proof techniques
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Extremal problems

What’s an extremal problem?: Example

We saw, assuming n(G ) ≥ 3,

• ∃ G s.t. δ(G ) = �n(G )/2 − 1 and G is not Hamiltonian

• ∀ G s.t. δ(G ) ≥ �n(G )/2: G is Hamiltonian

Therefore

max{δ(G ) | G n-vertex and non-Hamiltonian} = �n/2 − 1
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Extremal problems

What’s an extremal problem?: Informal definition

Informal definition: Extremal problem

Determination of the max (or min) value of a parameter over some
class of objects (n-vertex graphs in this course)

For the example in the previous slide

objective maximization
parameter minimum degree

class non-Hamiltonian graphs
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Extremal problems

A typical extremal problem

Question

Given a natrual number n and a graph H,
What is the maximum number of edges in an n-vertex graph that
doesn’t contain H?

This question has made graph theory quite fruitful;
We’ll look at this question more thoroughly later in the course
Today, only when H = K3 (triangle)
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Extremal problems

Graphs having no K3: Mantel’s theorem

Theorem 2.7 (Extremality for having no K3, Mantel 1907)

The maximum number of edges in an n-vertex graph that contains
no K3 is �n2/4�

Proof Idea.

[max ≥ �n2/4�]
• Consider K�n/2�,�n/2�
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Extremal problems

Graphs having no K3: Mantel’s theorem

Theorem 2.7 (Extremality for having no K3, Mantel 1907)

The maximum number of edges in an n-vertex graph that contains
no K3 is �n2/4�

Wrong Proof Idea.

[max ≥ �n2/4�]
• Consider K�n/2�,�n/2�

[max ≤ �n2/4�] Induction on n

• When n ≤ 2, consider Kn

• Suppose the claim is valid when n = k (k ≥ 2)

• K�k/2�,�k/2� is a largest k-vertex graph containing no K3

• Add one vertex to obtain a largest (k+1)-vertex graph...

What’s wrong with this proof??

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (2) 2008-04-16 26 / 34



Extremal problems

Correct proof of Mantel’s theorem

Proof idea.

[max ≥ �n2/4�]
• Consider K�n/2�,�n/2�

[max ≤ �n2/4�]
• d(x) + d(y) ≤ n(G ) for every {x , y} ∈ E (since G �⊇ K3)

•
∑

{x ,y}∈E

(d(x) + d(y)) =
∑
v∈V

d(v)2 (double counting)

•
(∑

v∈V

d(v)

)2

≤ n(G )
∑
v∈V

d(v)2 (Cauchy-Schwarz)

•
∑
v∈V

d(v) = 2e(G ) (Handshaking lemma)
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Extremal problems

More extremal problems to come

Here, we consider graphs containing no K3

Questions

• What about graphs containing no K4

• What about graphs containing no Kr (r fixed)

• What about graphs containing no Kr ,r

• What about graphs containing no Petersen graph

• ...

These questions will be answered (completely or partially) later in
this course � Extremal Graph Theory
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Review of useful proof techniques

Today’s contents

• A characterization of bipartite graphs
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Review of useful proof techniques

Useful proof techniques

• Double Counting
• Count a set of objects in two different ways

• Principle of Induction

• Assume the validity for smaller objects

• Pigeonhole Principle

• When many objects are put in few boxes, at least one box has
two objects

• Extremality
• Consider an object maximal (or minimal) w.r.t. a certain

property

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (2) 2008-04-16 30 / 34



Open problems

Today’s contents

• A characterization of bipartite graphs

• Euler circuits

• Hamiltonian cycles

• Extremal problems

• Review of useful proof techniques

• Open problems
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Open problems

Approximate counting of the Euler circuits in graphs

Problem

Is it possible to count the number of Euler circuits in a given n-vertex
graph with relative error ε in poly(n, ε) time?

Known facts

• Exact counting is #P-complete (no poly-time algorithm
expected) (Brightwell, Winkler ’05)

• Poly-time approximate counting when Δ(G ) ≤ 6 using MCMC
method (Tetali, Vempala ’01)

• For directed version the exact counting can be done in poly-time
using determinant computation (van Aardenne-Ehrenfest, de
Bruijn ’51; Smith, Tutte ’41 + Matrix-Tree Theorem)
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Open problems

Extension of Dirac’s theorem

Definition: Power of a graph

The k-th power of a graph G is a graph G k defined as

• V (G k) = V (G )

• E (G k) = {{u, v} | ∃ a u, v -walk of length k}
Especially, G 1 = G

Conjecture (Seymour ’74)

k ≥ 1, n ≥ 3, δ(G ) ≥ k

k + 1
n(G )

⇒ G contains a Hamiltonian cycle H s.t. Hk ⊆ G

• k = 1: Dirac’s theorem
• k = 2: Pósa’s conjecture (’63), yet unsettled

• Proved asymptotically (Komlós, Sárközy, Szemerédi ’96)
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Open problems

Hamiltonicity of graphs of bounded polyhedra

Open Problem (Barnette)

Is the edge-graph of a 3-dimensional bounded polyhedron
Hamiltonian, when it is 3-regular and bipartite?

If not bipartite, it can be non-Hamiltonian. (Tutte ’46)

Open Problem (Barnette)

Is the edge-graph of a 4-dimensional bounded polyhedron
Hamiltonian, when it is 4-regular?

Y. Okamoto (Tokyo Tech) TCMSI Graph Theory (2) 2008-04-16 34 / 34


	A characterization of bipartite graphs
	Euler circuits
	Hamiltonian cycles
	Extremal problems
	Review of useful proof techniques
	Open problems


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


