Traveling salesman games with the Monge property

Yoshio Okamoto^1 1Department of Systems Science, Graduate School of Arts and Sciences, The University of Tokyo, 3{8{1, Komaba, Meguro, Tokyo, 153{8902, Japan E-mail: yoshio@klee.c.u-tokyo.ac.jp

Abstract Several works indicate the relationship between well-solved combinatorial optimization problems and the core non-emptiness of cooperative games associated with them. In this note, we consider the core of traveling salesman games. We show that the core of traveling salesman games in which the distance matrix is a Monge matrix is non-empty. This is the first result for traveling salesman games related with a well-solved structure. Moreover, we show that the problem of testing the core non-emptiness of a given traveling salesman game

is NP-hard.

1 Introduction

Several works indicate the relationship between well-solved combinatorial optimization problems and the core non-emptiness of cooperative games associated with them. For examples, Deng–Ibaraki–Nagamochi [6] gives a necessary and sufficient condition for maximum packing games and minimum covering games to have the non-empty cores. It says that linear programming relaxation of a maximum packing problem (and a minimum covering problem, respectively) has an integral optimal solution if and only if the associated game has the nonempty core. A similar result is shown by Faigle–Kern [8] on partition games and by Goemans– Skutella [11] on facility location games. Moreover, Granot–Hamers–Tijs [12] investigates the core non-emptiness of delivery games in relation with structures of the underlying graphs. We refer two books [2, 5] for a lot of results and properties of cooperative games associated with combinatorial optimization problems.

In this note, we investigate traveling salesman games, introduced by Potters–Curiel–Tijs [17]. There are some works which discuss traveling salesman games. Tamir [18] shows that a symmetric traveling salesman game with at most four players always has a non-empty core, and that there exists a symmetric traveling salesman game with six players such that the core is empty. Kuipers [14] shows that a symmetric traveling salesman game with five players always has a non-empty core. Also, Potters–Curiel–Tijs [17] give an example of an asymmetric traveling game with four players which has the empty core, and show some conditions for an asymmetric traveling salesman game to have a non-empty core. In [5], we can see other conditions for a traveling salesman game to have a non-empty core.

Now, we show another sufficient condition for symmetric traveling salesman games to have a non-empty core. That is, a traveling salesman game in which the distance matrix is a Monge matrix has always a non-empty core. It is well-known that an (asymmetric) traveling salesman problem in which the distance matrix is a Monge matrix can be solved in linear time of the number of cities [16] while for a general distance matrix, traveling salesman problems are N Phard, even if it satisfies the triangle inequality. So this is the first result for traveling salesman games related with a well-solved structure. We know that Monge matrices are related with other well-solved cases for combinatorial optimization, which is surveyed by Burkard–Klinz– Rudolf [4]. Other well-solved cases for traveling salesman problems are surveyed in [3, 10], and some recent results appear in [1, 7, 13, 15], etc.

Moreover, some papers indicate the relationship between intractable combinatorial optimization problems and the intractability of testing the core non-emptiness of cooperative games associated with them. For example, Deng–Ibaraki–Nagamochi [6] shows that testing the core non-emptiness of a minimum coloring game is N P-complete; Goemans–Skutella [11] shows that testing the core non-emptiness of a facility location game is N P-complete. Notice that Deng–Ibaraki–Nagamochi [6] shows that for a minimum vertex cover game and a maximum independent set game, we can test the core non-emptiness in polynomial time, while a minimum vertex cover problem and a maximum independent set problem are known to be intractable. In this note, we show that the problem of testing the core non-emptiness of a given traveling salesman game is N P-hard.

This note is organized as follows. The next section is devoted to some definitions and basic properties. In Section 3, we show that a traveling salesman game in which the distance matrix is a Monge matrix has always a non-empty core. In Section 4, we show that the problem of testing the core non-emptiness of a given traveling salesman game is N P-hard. We mention the concluding remarks in the final section.

2 Traveling salesman games and Monge matrices

Let N_0 = {0, 1, . . . , n} and an (n + 1) × (n + 1)-matrix D be given. We treat N_0 as the cities and D as the distance matrix. We assume that the diagonal components of D are all zero and the non-diagonal components of D are all positive. A traveling salesman problem (TSP, for short) is the problem to find a shortest tour; more formally

minimize n∑ i=0 d[i, τ(i)], (1) where τ(i) denotes the successor of i and d[i, j] is the (i, j)-component of D. We denote the k-th successor and k-th predecessor of i by the τ^k(i) and τ^{−k}(i) respectively. A tour is denoted by τ = ⟨0, τ(0), τ^2(0), . . . , τ^n(0)⟩.

TSP is known as an N P-hard problem, even if D satisfies the triangle inequality: d[i, j] + d[i, k] ≥ d[j, k] for all i, j, k ∈ N_0. Besides, some works say that if D satisfies a special condition then a shortest tour can be found in polynomial time of the number of cities. Among such conditions, the Monge property may be the most famous. A matrix D is a Monge matrix if D satisfies d[l, m] + d[l^′, m^′] ≤ d[l, m^′] + d[l^′, m] (2) for all l < l^′ and m < m^′. If a matrix D is a Monge matrix, then it is also said to have the Monge property. Note that a Monge matrix does not need to satisfy the triangle inequality.

It is well-known that Monge matrices relate with some well-solved combinatorial optimization problems. The next proposition is the basic result on Monge matrices and TSP. A tour ⟨0, i_1, i_2, . . . , i_r, n, j_1, j_2, . . . , j_{n−r−1}⟩ is called a pyramidal tour if i_1 < i_2 < · · · < i_r and j_1 > j_2 > · · · > j_{n−r−1} (see Figure 1).

Proposition 2.1 ([10]). If D is a Monge matrix, then there exists a shortest tour which is pyramidal.

Generally, a shortest pyramidal tour can be found in O(n^2) by the dynamic programming technique [10]. Moreover, Park [16] shows that a shortest pyramidal tour for TSP with a Monge distance matrix can be found in O(n) using the structure of Monge matrices.

Let N = N_0 \ {0} = {1, 2, . . . , n}. For S ⊆ N, we define c(S) as the distance of a shortest tour of S∪{0}. We call the pair (N, c) a traveling salesman game. In terminology of cooperative

Figure 1: A pyramidal tour.

game theory, N is called the players and c is the characteristic function. If we consider traveling salesman games, we assume that the distance matrix D is symmetric, i.e., d[i, j] = d[j, i] for all i.j ∈ N_0. Traveling salesman games are arisen from the following cost allocation problem, originated by Fishburn–Pollak [9]. A professor has visited starting from his home institute 0, the universities 1, 2, . . . , n which invited him and has returned to his home. The total cost of the trip should be paid by the inviting universities. The problem is to find a “fair” rule for the allocation of the total cost among these universities.

In cooperative game theory, the core is frequently used for finding a fair allocation rule. For a traveling salesman game (N, c), the core is defined as

Core(N, c) = { x ∈ R^N : x(N) = c(N) and x(S) ≤ c(S) for all S ⊆ N^} , (3)

where x(S) means ∑ i∈S x_i.

Here, the next theorem is the main result of this note.

Theorem 2.2. Consider a traveling salesman problem on the cities N_0 with a symmetric distance matrix D. If D is a Monge matrix, then the core of the traveling salesman game (N, c) is non-empty.

For a traveling salesman game (N, c) and T ⊆ N, we define the subgame (T, c_T ) as c_T (S) = c(S) for all S ⊆ T . Since every submatrix of a Monge matrix is also a Monge matrix, every subgame of a traveling salesman game also has the non-empty core by Theorem 2.2. In cooperative game theory, a game with the property that every subgame has the nonempty core is called totally balanced. Hence, Theorem 2.2 immediately leads to the following corollary.

Corollary 2.3. Consider a traveling salesman problem on the cities N_0 with a symmetric distance matrix D. If D is a Monge matrix, then the traveling salesman game (N, c) is totally balanced.

On the other hand, for a general traveling salesman game, it may be hard to test that the core is non-empty, as is indicated by the next result.

Theorem 2.4. Consider a traveling salesman problem on the cities N_0 with a symmetric distance matrix D. The problem of testing the core non-emptiness of the traveling salesman game (N, c) is N P-hard.

3 Proof of Theorem 2.2

We need a lemma for proving Theorem 2.2.

Lemma 3.1. Consider a traveling salesman problem on the cities N_0 with a symmetric distance matrix D. Let (N, c) be a traveling salesman game. If D is a Monge matrix, then for S ⊆ N with n ∈ S, c(S) − c(S \ {n}) ≥ c(N) − c(N \ {n}).

Proof. Let S = {p_1, p_2, . . . , p_{s−1}, n}, where s = |S|. We denote the distance of a tour τ by Δ(τ). Moreover, we denote a shortest pyramidal tour of S ∪ {0} and (S \ {n}) ∪ {0} by π^{(S)} = ⟨0, i^{(S)}_1 , i^{(S)}_2 , . . . , i^{(S)}_r , n, j^{(S)}_1 , j^{(S)}_2 , . . . , j^{(S)}_{s−r−1}⟩, and π^{(S\{n})} = ⟨0, i^{(S−1)}_1 , i^{(S−1)}_2 , . . . , i^{(S−1)}_r0 , p_{s−1}, j^{(S−1)}_1 , j^{(S−1)}_2 , . . . , j^{(S−1)}_{s−r}0_{−1}⟩, respectively. By Proposition 2.1, we have c(S) = Δ(π^{(S)}) and c(S \ {n}) = Δ(π^{(S\{n})}). Since the tour π^{(S)} is pyramidal, p_{s−1} = i^{(S)}_r or j^{(S)}_1 . By the symmetry of D, we can assume that p_{s−1} = i^{(S)}_r without loss of generality. (If p_{s−1} = j^{(S)}_1 , then we only reverse the order of π^{(S)}.) Then we define a tour σ^{(S\{n})} as σ^{(S\{n})} = ⟨0, i^{(S)}_1 , i^{(S)}_2 , . . . , i^{(S)}_{r−1}, p_{s−1}, j^{(S)}_1 , j^{(S)}_2 , . . . , j^{(S)}_{s−r−1}⟩. We have Δ(π^{(S\{n})}) ≤ Δ(σ^{(S\{n})}), since π^{(S\{n})} is a shortest tour of (S \ {n}) ∪ {0}. So it holds that c(S) − c(S \ {n}) = Δ(π^{(S)}) − Δ(π^{(S\{n})}) ≥ Δ(π^{(S)}) − Δ(σ^{(S\{n})}). (4) We now consider extending the tours π^{(S)} of S ∪ {0} and σ^{(S\{n})} of (S \ {n} ∪ {0}) to tours τ^{(N)} of N ∪ {0} and τ^{(N\{n})} of (N \ {n}) ∪ {0}, respectively, by inserting the cities not in S step by step in the following way.

Step 1. Set τ^{(N)} = π^{(S)}, τ^{(N\{n})} = σ^{(S\{n})} and T = N \ S.

Step 2. Choose the leftmost city i ∈ T , i.e., i ∈ T such that i ≤ j for any j ∈ T . Since τ^{(N)} and τ^{(N\{n})} are pyramidal, there exists a unique city j such that j < i < τ^{(N)}(j). Set j^′ = τ^{(N)}(j).

Step 2.1. If j^′ ≠ n, then reset as τ^{(N)}(j) = (τ^{(N)})^{−1}(j^′) = τ^{(N\{n})}(j) = (τ^{(N\{n})})^{−1}(j^′) = i. Remark that this insertion keeps the value Δ(τ^{(N)})−Δ(τ^{(N\{n})}) equal (see Figure 2(i)).

Step 2.2. If j^′ = n, then first set n^′ = τ^{(N)}(n). By the construction, we have τ^{(N\{n})}(j) = n^′. Now reset as τ^{(N)}(j) = (τ^{(N)})^{−1}(n) = τ^{(N\{n})}(j) = (τ^{(N\{n})})^{−1}(n^′) = i. Remark that d[j, n] − d[j, n^′] ≥ d[i, n] − d[i, n^′], (5) by the Monge property (see Figure 2(ii)). Therefore, this insertion never makes the value Δ(τ^{(N)}) − Δ(τ^{(N\{n})}) increase.

Step 3. We remove i from T . If T = ∅, then we proceed to the next step. Otherwise, we return to Step 2. Remark that τ^{(N)} and τ^{(N\{n})} are kept pyramidal. Step 4. Now (τ^{(N)})^{−1}(n) = n − 1 and τ^{(N)}(n) = τ^{(N\{n})}(n − 1). Step 4.1. If τ^{(N)} = n − 2, then this construction is terminated.

Step 4.2. Otherwise, i.e., τ^{(N)} < n − 2, then set j = τ^{(N)}(n) and k = (τ^{(N)})^{−1}(n − 2).

Note that j = τ^{(N\{n})}(n − 1) and k = (τ^{(N\{n})})^{−1}(n − 2). Now reset as τ^{(N)}(n) = τ^{(N\{n})}(n−1) = n−2, τ^{(N)}(n−2) = τ^{(N\{n})}(n−2) = j and τ^{(N)}(k) = τ^{(N\{n})}(k) = n − 1, which terminates this construction. Notice that this step never makes the value Δ(τ^{(N)}) − Δ(τ^{(N\{n})}) increase, because it holds that d[n, j] − d[n − 1, j] ≥ d[n, n − 2] − d[n − 1, n − 2] by the Monge property (see Figure 2(iii)).

Figure 2: How to construct τ^{(N)} and τ^{(N\{n})}. Boxes (i), (ii) and (iii) correspond to Step 2.1, Step 2.2 and Step 4.2, respectively.

Thus we finish constructing τ^{(N)} and τ^{(N\{n})}. The construction above yields that

Δ(π^{(S)}) − Δ(σ^{S\{n}}) ≥ Δ(τ^{(N)}) − Δ(τ^{(N\{n})}). (6)

Remark that by the above construction we have τ^{(N)}(n) = τ^{(N\{n})}(n−1) = n−2, (τ^{(N)})^{−1}(n− 1) = (τ^{(N\{n})})^{−1}(n − 1) and (τ^{(N)})^{−1}(n) = n − 1. Moreover, Δ(τ^{(N)}) − Δ(τ^{(N\{n})}) = d[n − 1, n] + d[n, n − 2] − d[n − 1, n − 2]. Let π^{(N\{n})} be a shortest pyramidal tour of (N \ {n}) ∪ {0}. Since π^{(N\{n})} is pyramidal, we have n − 2 = π^{(N\{n})}(n − 1) or n − 2 = (π^{(N\{n})})^{−1}(n − 1). By the symmetry of D, we can assume that n − 2 = π^{(N\{n})}(n − 1) without loss of generality. (If not so, then we only reverse the order of π^{(N\{n})}.)

Now we construct a tour σ^{(N)} of N ∪ {0} using π^{(N\{n})}: first set σ^{(N)} = π^{(N\{n})} and consider inserting n into σ^{(N)} as σ^{(N)}(n − 1) = n and σ^{(N)}(n) = n − 2. Here, Δ(τ^{(N)}) − Δ(τ^{(N\{n})}) = d[n − 1, n] + d[n, n − 2] − d[n − 1, n − 2] = (Δ(π^{(N\{n})}) + d[n − 1, n] + d[n, n − 2]) −(Δ(π^{(N\{n})}) + d[n − 1, n − 2]) = (Δ(σ^{(N)}) + d[n − 1, n − 2]) −(Δ(π^{(N\{n})}) + d[n − 1, n − 2]) = Δ(σ^{(N)}) − Δ(π^{(N\{n})}). (7)

If we denote a shortest pyramidal tour of N ∪ {0} by π^{(N)}, then Δ(σ^{(N)}) ≥ Δ(π^{(N)}). Together with inequalities (4), (6) and (7), it holds that c(S) − c(S \ {n}) ≥ Δ(π^{(N)}) − Δ(π^{(N\{n})}) = c(N) − c(N \ {n}), where the last equality is led from Proposition 2.1. Thus we complete the proof.

Now we prove Theorem 2.2.

Proof of Theorem 2.2. We prove it by induction in terms of the number of the cities. Let N_h = {1, 2, . . . , h} for 1 ≤ h ≤ n. Suppose that the theorem holds for N_{h−1}. So we can pick up x̄ ∈ Core(N_{h−1}, c) ⊆ R^{h−1} . Remark that x̄ satisfies that x̄(N_{h−1}) = c(N_{h−1}) and x̄(S) ≤ c(S) for all S ⊆ N_{h−1}.

Define x̄^′ ∈ R^h as

x̄^′_i = { x̄_i (i ∈ N_{h−1}), c(N_h) − c(N_{h−1}) (i = h). (8) So we have

x̄^′(N_h) = x̄^′(N_{h−1}) + x̄^′_h

= x̄(N_{h−1}) + c(N_h) − c(N_{h−1}) = c(N_{h−1}) + c(N_h) − c(N_{h−1}) = c(N_h). Now we show x̄^′(S) ≤ c(S) for all S ⊆ N_h. For any S ⊆ N_h with h ∉ S, we have x̄^′(S) = x̄(S) ≤ c(S). Moreover for any S ⊆ N_h with h ∈ S, x̄^′(S) = x̄^′(S \ {h}) + x̄^′_h = x̄(S \ {h}) + c(N_h) − c(N_{h−1}) ≤ c(S \ {h}) + c(N_h) − c(N_{h−1}) ≤ c(S), where the last inequality uses Lemma 3.1. This completes the proof.

4 Proof of Theorem 2.4

We state the problem more formally:

Core Non-emptiness of Traveling Salesman Games Instance: cities N_0 and an (n + 1) × (n + 1) symmetric distance matrix D, Question: is the core of the traveling salesman game (N, c) non-empty?

To prove N P-hardness of Core Non-emptiness of Traveling Salesman Game, we use Hamiltonian Path, a famous N P-complete problem:

Hamiltonian Path Instance: a graph G = (N, E), Question: does G have a Hamiltonian path, i.e., a simple spanning path?

Proof of Theorem 2.4. We reduce Hamiltonian Path to Core Non-emptiness of Traveling Salesman Games. For a given graph G = (N, E), let N = {1, . . . , n} and N_0 = N ∪ {0}. We define an (n + 1) × (n + 1) symmetric distance matrix D as d[i, j] = n 1 + n ({i, j} ∈ E, i = 0, or j = 0), 3 (otherwise).

Let (N, c) be a traveling salesman game derived from the cities N_0 and the distance matrix D. We now show that G has a Hamiltonian path if and only if the game (N, c) has a non-empty core, which completes the reduction. Suppose that G has a Hamiltonian path. Then c(N) = n

and c(S) = n(|S| + 1) n + 1 for all S ⊆ N. Let x = (x_1, . . . , x_n) be x_i = 1 for all i ∈ N. We can check that x belongs to the core, since x(N) = n = c(N) and x(S) = |S| ≤ c(S) for all S ⊆ N.

Suppose that G does not have a Hamiltonian path. Let τ = ⟨0, τ (0), τ^2(0), . . . , τ^n(0)⟩ be a shortest tour of N_0. We define a subgraph Ḡ = (N, Ē) of G as Ē = E ∩ {{i, τ(i)} : i ∈ V }. Let P be the set of vertices which consist of a longest path in Ḡ. Since G has no Hamiltonian path, Ḡ also has no Hamiltonian path. This implies P ≠ N. Therefore, at least one of the endpoints of P is incident to the edge whose cost is 3 in the tour τ. Hence, c(N \ P ) ≤ c(N) − c(P ) + 3n 1 + n − 3 < c(N) − c(P ). (9) Here, we assume that the core is non-empty, i.e., there exists x ∈ R^N such that x(N) = c(N) and x(S) ≤ c(S) for all S ⊆ N. Now we have x(N) = x(P ) + x(N \ P ) ≤ c(P ) + c(N \ P ) < c(N), using the inequality (9). This contradicts to the fact that x(N) = c(N). So, the core is empty. Thus, we complete the reduction.

5 Concluding remarks

We mention some open problems on the core non-emptiness of traveling salesman games.

1. We have shown that a traveling salesman game is totally balanced if the distance matrix is a Monge matrix. However, we do not know whether the Monge property is also necessary. If it is not necessary, what is the necessary and sufficient condition for the traveling salesman game to be totally balanced?

Note that the Monge property is not sufficient for the core non-emptiness of traveling salesman games. For example, let N_0 = {0, 1, 2, 3, 4} and

D = 0 3 1 3 3 3 0 3 4 6 1 3 0 2 3 3 4 2 0 4 3 6 3 4 0 .

Then, the associated traveling salesman game has a non-empty core. This example has appeared in [17].

2. A game (N, c) is submodular if c(S) + c(T ) ≥ c(S ∪ T ) + c(S ∩ T ) for all S, T ⊆ N. It is known that submodularity implies the totally balancedness of the game. So the Monge property may imply the submodularity of the traveling salesman game.

3. Proposition 2.1 says that there exists a shortest tour which is pyramidal for TSP with the Monge property. In addition, there are other properties of distance matrices which derive the same result. These appear in [1, 3, 7, 10, 15]. So do these other properties guarantee the totally balancedness of the associated traveling salesman games?

Acknowledgments

The author thanks Masataka Nakamura and Kenji Kashiwabara for their comments on the draft of this note.

References

[1] F. Baki and S.N. Kabadi, Pyramidal traveling salesman problem, Computers & Operations Research 26, 1999, 353–369.

[2] J.M. Bilbao, Cooperative games on combinatorial structures, Kluwer Academic Publishers, Dordrecht, 2000.

[3] R.E. Burkard, V.G. Deĭneko, R. van Dal, J.A.A. van der Veen and G.J. Woeginger, Well-solvable cases of the traveling salesman problem: a survey, SIAM Review 40, 1998, 496–546.

[4] R.E. Burkard, B. Klinz and R. Rudolf, Perspectives of Monge properties in optimization, Discrete Applied Mathematics 70, 1996, 95–161.

[5] I.J. Curiel, Cooperative Game Theory and Applications: Cooperative Games Arisen from Combinatorial Optimization Problems, Kluwer Academic Publishers, Dordrecht, 1997.

[6] X. Deng, T. Ibaraki and H. Nagamochi, Algorithmic aspects of the core of combinatorial optimization games, Mathematics of Operations Research 24, 1999, 751–766.

[7] H. Enomoto, Y. Oda and K. Ota, Pyramidal tours with step-backs and the asymmetric traveling salesman problem, Discrete Applied Mathematics 87, 1998, 57–65.

[8] U. Faigle and W. Kern, On the core of ordered submodular cost games, Mathematical Programming 87, 2000, 483–499.

[9] P.C. Fishburn and H.O. Pollak, Fixed route cost allocation, American Mathematical Monthly 90, 1983, 366–378.

[10] P.C. Gilmore, E.L. Lawler and D.B. Shmoys, Well-solved special cases, in: E.L. Lawler, J.K.

Lenstra, A.H.G. Rinnooy Kan and D.B. Shmoys, ed.s, The Traveling Salesman Problem { A Guided Tour of Combinatorial Optimization, Wiley, Chichester, 1985, 87–143.

[11] M.X. Goemans and M. Skutella, Cooperative facility location games, Proceedings of the Eleventh Annual ACM-SIAM Symposium on Discrete Algorithms, 2000, 76–85.

[12] D. Granot, H. Hamers and S. Tijs, On some balanced, totally balanced and submodular delivery games, Mathematical Programming 86, 1999, 355–366.

[13] S.N. Kabadi and F. Baki, Gilmore–Gomory type traveling salesman problems, Computers & Operations Research 26, 1999, 329–351.

[14] J. Kuipers, A note on the 5-person traveling salesman game, ZOR { Methods and Models of Operations Research 38, 1993, 131–139.

[15] Y. Oda, An asymmetric analogue of van der Veen conditions and the traveling salesman problem, Discrete Applied Mathematics 109, 2001, 279–292.

[16] J.K. Park, A special case of the n-vertex traveling salesman problem that can be solved in O(n) time, Information Processing Letters 40, 1991, 247–254.

[17] J.A.M. Potters, I.J. Curiel and S.H. Tijs, Traveling salesman games, Mathematical Programming 53, 1992, 199–211.

[18] A. Tamir, On the core of a traveling salesman cost allocation game, Operations Research Letters 8, 1988, 31–34.