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Abstract. We provide polynomial-time algorithms for counting the number of perfect matchings and the
number of matchings in chain graphs, cochain graphs, and threshold graphs. These algorithms are based on
newly developed subdivision schemes that we call a recursive decomposition. On the other hand, we show the
#P-completeness for counting the number of perfect matchings in chordal graphs, split graphs and chordal
bipartite graphs. This is in an interesting contrast with the fact that counting the number of independent sets in
chordal graphs can be done in linear time.

1 Introduction

The study of graph classes has been motivated by the fact that a lot of NP-hard problems can be solved
in polynomial time when the input is restricted. While this research direction leads to many polynomial-
time algorithms for decision problems and optimization problems, such results for counting problems
seem rare. With this motivation, the authors studied problems to count the independent sets in chordal
graphs [13], and refinement for interval graphs has been proposed by Lin [11] and Lin and Chen [12].
However, the current understanding for counting problems in graph classes is still poor. Counting al-
gorithms may require properties of graphs that are not needed for solving decision and optimization
problems.

This paper is concerned with perfect matchings. A perfect matching of a graph is one of the funda-
mental objects when we study counting problems. When Valiant [18] introduced the complexity class
#P, he already proved that counting the perfect matchings in a bipartite graph is#P-complete. In another
paper [19], he also proved that counting all matchings in a bipartite graph is#P-complete. His results
were refined by Dagum and Luby [3] showing that counting the perfect matchings in a3-regular bipar-
tite graph is#P-complete, and by Vadhan [16] showing that counting all matchings in a bipartite graph
of maximum degree4 and in a planar bipartite graph of maximum degree 6 is#P-complete. There are
also some results on the positive side, namely for polynomial-time algorithms. The perfect matchings
in a planar graph can be counted in polynomial time [5, 9, 14] via the so-called Pfaffian orientations.
A generalization of this approach yields a polynomial-time algorithm for graphs of bounded genus [7,
15]. Furthermore, we can count the perfect matchings in a graph of bounded treewidth [1]. Basically, all
positive results are concerned with sparse graphs.

This paper concentrates on classes of chordal graphs and chordal bipartite graphs. An interesting
phenomenon to be proven here is the#P-completeness for the counting problem of matchings in chordal
graphs, while we can count the number of independent sets in chordal graphs in linear time [13]. We
also prove that the matching counting is#P-complete even for chordal bipartite graphs. Therefore, we
seek for subclasses of these graph classes for which the matchings can be counted in polynomial time.
We give such polynomial-time algorithms for the following classes of graphs: Chain graphs, cochain
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Fig. 1. Inclusion relationship among the graph classes in this paper and the summary of our results.

graphs, and threshold graphs. The definitions will be given later, but there is a relation among these
classes as dipicted in Fig. 1. In the figure, we also have the classes of bipartite permutation graphs, proper
interval graphs, interval graphs and interval bigraphs. For these four classes, complexity of counting the
matchings is unsettled. It would be possible to design a quasi-polynomial-time algorithm by extending
the technique developed in this paper, but polynomial-time algorithms are out of reach. This is a main
open problem this paper leaves for us.

2 Preliminaries

We assume the reader is familiar with basic terminology on graphs. A graph is denoted byG = (V,E)
whenV is the vertex set andE is the edge set ofG. Theneighborhoodof a vertexv ∈ V is the set
NG(v) = {u ∈ V | {u, v} ∈ E}. For a subsetU ⊆ V , thesubgraph ofG induced byU is the graph
(U,F ), whereF = {{u, v} ∈ E | u, v ∈ U}, and denoted byG[U ]. For given two graphsG = (V,E)
andG′ = (V ′, E′), we denote the graph(V ∪ V ′, E ∪ E′) by G ∪ G′. A vertex setC is aclique if all
pairs of vertices inC are joined by an edge. A vertex setI is independentif no pair of vertices inI is
joined by an edge. An edge setM is amatchingif no pair of edges inM shares an endpoint. Note that
the empty set is a matching of size zero in any graph. An endpointv of an edgee in a matchingM is
said to bematchedby M . A matching isperfectif all vertices are matched by the matching.

A graphG = (V, E) is bipartite if V can be partitioned into two setsX andY such that every edge
joins a vertex inX and the other vertex inY . We denote a bipartite graph byG = (X, Y, E) when the
partition is given. A bipartite graphG is completeif every vertex inX is adjacent to all vertices inY .

For a graphG, the number of matchings inG is denoted byµ(G), the number of matchings of size
i in G is denoted byµi(G), and the number of perfect matchings inG is denoted byπ(G).

3 Polynomial-time algorithm for chain graphs

In this section, we study chain graphs. A chain graph is also called a difference graph [8], a bisplit graph
[6], and nonseparable bipartite graph [4].

To define a chain graph, we need to define monotonicity on vertex sets. LetG = (X, Y,E) be a
bipartite graph. An order< on X in G is increasingif x < x′ impliesN(x) ⊆ N(x′). Similarly, < on
X is decreasingif x < x′ impliesN(x) ⊇ N(x′). An order ismonotoneif it is increasing or decreasing.
A bipartite graphG = (X, Y,E) is a chain graphif there exist monotone orders<X , <Y on X,Y
respectively [20, 10]. We assume that<X is decreasing and<Y is increasing. It is not hard to observe
the following.

Proposition 1. Let G = (X, Y, E) be a connected chain graph with|X| = nx and |Y | = ny. Then
there exist a decreasing order<X and an increasing order<Y such thatyny ∈ N(xi) for everyi ∈
{1, . . . , nx} and x1 ∈ N(yj) for everyj ∈ {1, . . . , ny}, wherex1 <X x2 <X · · · <X xnx and
y1 <Y y2 <Y · · · <Y yny .
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Fig. 2.The intersection model of a chain graph (left), a derived decomposition (middle) and its schematic representation (right).

For a given chain graph, monotone orders onX andY can be found in linear time (e.g., using a PQ-
tree), and from them, the orderings as in Proposition 1 can be computed in linear time (e.g., [17]). Hence,
hereafter, we assume that a chain graph is given with two ordered vertex sets stated as in Proposition 1.
Without loss of generality, we assume that a chain graphG = (X, Y,E) is connected, and the vertex
setsX andY are ordered as stated in Proposition 1. That is, we haveN(xi) = {yji , . . . , yny} with 1 ≤
i ≤ nx andj1 ≤ j2 ≤ · · · ≤ jnx , andN(yj) = {x1, . . . , xij}with 1 ≤ j ≤ ny andi1 ≥ i2 ≥ · · · ≥ iny ,
where|X| = nx and|Y | = ny. The main theorem in this section is as follows.

Theorem 1. Given a connected chain graphG = (X,Y, E), the number of perfect matchings inG can
be computed inO(n2 log n) time, wheren = |X ∪ Y |.

We prove Theorem 1 by providing an algorithm. This is based on the following recursive subdivision
structureT (G). The structureT (G) is a rooted tree, where each node possesses an induced subgraph of
G and a nodeG′ is a descendant of a nodeG′′ only if G′ is a subgraph ofG′′.

The structureT (G) is inspired by an intersection model of a chain graph (Fig. 2 (left)): The vertices
xi in X correspond to vertical line segmentsIxi which are located from left to right according to the
ordering, and the bottom of the segments are on a horizontal line. The verticesyj in Y correspond to
horizontal line segmentsJyj from top to bottom and the left endpoints of the segments are on a vertical
line. From Proposition 1, it is easy to see thatG is a chain graph if and only ifG can be represented
by the intersection model of those horizontal line segments and vertical line segments such thatIxi is
longer than or equal toIxi+1 with 1 ≤ i < nx andJyj+1 is longer than or equal toJyj with 1 ≤ j < ny.

Let G = (X,Y,E) be a chain graph with two with two ordered vertex setsX, Y as in Proposition 1.
An edgee = {xi, yj} ∈ E, xi ∈ X, yj ∈ Y , is extremalif {xi′ , yj} 6∈ E for anyi′ > i or {xi, yj′} 6∈ E
for any j′ < j. Fix an extremal edgee = {xi, yj} ∈ E. Then we partitionX andY into Xu, Xr,
Yu, andYr as follows;Xu := {xi′ | i′ ≤ i}, Xr := {xi′ | i′ > i}, Yu := {yj′ | j′ ≤ j}, and
Yr := {yj′ | j′ > j}. Using these vertex sets, we define three graphsGc, Gu, andGr as follows;
Gc = G[Xu ∪ Yr], Gr = G[Xr ∪ Yr], andGu = G[Xu ∪ Yu]. Note that the edge sets of these three
graphs form a partition ofE, and furthermore,Gu andGr are connected chain graphs (unless empty),
andGc is a complete bipartite graph. See Fig. 2 (middle, right).

We are now ready for definingT (G) for a connected chain graphG. The root ofT (G) is G. Let
G′ be a node ofT (G). If G′ is complete bipartite, thenG′ has no child and hence it is a leaf ofT (G).
Otherwise,G′ has two childrenG′

u andG′
r constructed by an appropriate choice of an extremal edge of

G′. We callT (G) a recursive decompositionof G.
Let us describe how to choose an appropriate extremal edge when we construct a recursive decom-

position. To do this, we look at the depth of each node inT (G). Namely, the depth of a root node is
zero, and if a node has depthd, then its children have depthd+1. According to the parity of the depth,
we make the choice. Ifd is even, then we letkx = nx/2 andky = min{j′ | {xi, yj′} ∈ E}. If d is
odd, then we letky = ny/2 andkx = max{i′ | {xi′ , yj} ∈ E}. In both cases, we see that{xkx , yky} is
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Algorithm 1 : RD(G, d)
Input : A connected chain graphG = (X, Y, E) and a non-negative integerd, wherenx = |X|, ny = |Y |;
Output : A recursive decompositionT (G) of G;
addG as the root;1
if G is complete bipartitethen return ;2
if d is eventhen setkx := nx/2 andky := min{j | {xkx , yj} ∈ E} ;3
if d is oddthen setky := ny/2 andkx := max{i | {xi, yky} ∈ E} ;4
find Gu, Gr, Gc from kx andky;5
addRD(Gu, d+1) as the left subtree rooted atG;6
addRD(Gr, d+1) as the right subtree rooted atG;7
return ;8

an extremal edge ofG. Algorithm 1 computes a recursive decompositionT (G) of G according to this
choice of an extremal edge whenRD(G, 0) is called.

Lemma 1. LetG = (X, Y, E) be a connected chain graph. Then, Algorithm 1 finds a recursive decom-
positionT (G) with at mostO(n) nodes and height at most2 log2 n in O(n) time, wheren = |X|+|Y |.

Proof. The size ofT (G) can easily be seenO(n) since for every vertexv of G there exists exactly one
leaf ofT (G) containingv andT (G) is a rooted binary tree. For the running time, the discussion above
implies that the intersection model can be found inO(n) time. Since the connected components can be
identified inO(n) time and findingky from kx can be done inO(1) time for eachkx, the overall running
time isO(n). So it remains to show that the height is at most2 log2 n. After the algorithm digs into two
lower levels,G will be partitioned into four graphs(Gu)u, (Gu)r, (Gr)u, and(Gr)r. Then, we observe
that |X((Gi)j)| ≤ 1

2 |X(G)| and |Y ((Gi)j)| ≤ 1
2 |Y (G)| for eachi, j ∈ {u, r}. Hence for a given

connected chain graphG = (X,Y, E) with n = |X ∪ Y | the maximum depthdmax of the algorithm
satisfies22dmax ≤ n, and hencedmax ≤ 2 log2 n. ut

To describe the number of matchings, we denote byπ(G; a, b) the number of perfect matchings in a
chain graphG = (X, Y, E) with a vertices fromX andb vertices fromY deleted. Namely,

π(G; a, b) =
∣∣∣∣
{

M ⊆ E(G)
∣∣∣∣
M is a perfect matching ofG− (A ∪B),
whereA ⊆ X, |A| = a,B ⊆ Y, |B| = b

}∣∣∣∣.

Intuitively, we will count the number of perfect mathings inG such thata vertices inX andb vertices
in Y have been matched in the previous level. Sinceπ(G; 0, 0) is the number of perfect matchings ofG,
it suffices to computeπ(G; a, b) for all possiblea andb.

Let us look at how we can decomposeπ(G; a, b) into several independent parts. This gives a funda-
mental idea for our algorithm.

Lemma 2. LetG = (X, Y,E) be a connected chain graph. For0 ≤ a < |X| and0 ≤ b < |Y |, it holds
that

π(G; a, b) =
∑

au,br

π(Gu; au+ic, bu) · π(Gr; ar, br+ic) · π(Gc; kx−ic, ny−ky−ic) (1)

where the sum is taken over the ranges0 ≤ au ≤ min{a, kx} and0 ≤ br ≤ min{b, ny−ky}, and other
symbols are defined asbu = b−br, ar = a−au, andic = kx−ky−au+b−br.

Proof. We first show the inequality “the left-hand side≤ the right-hand side.” Every matchingM
counted in the left-hand side can be partitioned into three partsM = Mu ∪ Mr ∪ Mc, where
Mu,Mr,Mc is a matching ofGu, Gr, Gc, respectively. SinceM is a perfect matching ofG−(A ∪ B)

4



Algorithm 2 : #M(G, a, b)
Input : A connected chain graphG = (X, Y, E) and two integersa, b together with a recursive decomposition

T (G);
Output : π(G; a, b);
if nx−a 6= ny−b then return 0;1
else ifG is complete bipartitethen return (nx−a)!;2
else3

sum := 0; ar := a−au; bu = b−br; ic = kx−ky−au+b−br;4
foreach au = 0, 1, . . . , min{a, kx} andbr = 0, 1, . . . , min{b, ny−ky} do5

sum := sum + ic! ·
`

kx
ic

´ · `ny−ky
ic

´ ·#M(Gu, au+ic, bu) ·#M(Gr, ar, br+ic) ;6

end7
return sum.8

end9

for someA ⊆ X, B ⊆ Y with |A| = a, |B| = b, it holds that|M | = nx−a = ny−b. Let
|Mu| = iu, |Mr| = ir, |Mc| = ic. Let Ac ⊆ Xu andBc ⊆ Yr be the set of vertices matched by
Mc. Note that|Ac| = ic = |Bc|. Then,Mu is a perfect matching ofGu − (Au ∪ Ac ∪ Bu) for some
Au ⊆ Xu \ Ac and Bu ⊆ Yu, andMr is a perfect matching ofGr − (Ar ∪ Br ∪ Bc) for some
Ar ⊆ Xr andBr ⊆ Yr \ Bc. It is important to observe that suchAu, Bu, Ar, Br are unique. For exam-
ple,Au is determined as the set of vertices inXu \ Ac that are not matched byMu. Therefore, if we let
|Au| = au and|Br| = br, thenMu is counted exactly once inπ(Gu; au + ic, b−br) and similarlyMr

is counted exactly once inπ(Gr; a−au, bu+ic). Then, we see thatkx−(au+ic) = iu = ky−(b−br) and
nx−kx−(a−au) = ir = ny−ky−(bu+ic), and therefore,ic = kx−ky−au+b−br. Then, it suffices to
note thatMc is counted exactly once inπ(Gc; kx−ic, ny−ky−ic).

Conversely, We show the inequality “the left-hand side≥ the right-hand side.” LetMu andMr be
perfect matchings counted inπ(Gu; au+ic, bu) andπ(Gr; ar, br+ic) respectively, for someau, br in
the appropriate ranges andar, bu, ic as defined in the statement of the lemma. Specifically, letMu be a
perfect matching ofGu−(Au ∪ Ac ∪ Bu) for someAu ∪ Ac ⊆ Xu andBu ⊆ Yu, andMr is a perfect
matching ofGr−(Ar ∪ Br ∪ Bc) for someAr ⊆ Xr andBr ∪ Bc ⊆ Yr, where|Au| = au, |Ar| =
ar, |Bu| = bu, |Br| = br, |Ac| = |Bc| = ic. Consider constructing a perfect matchingM of G−(A∪B)
for someA,B with |A| = a, |B| = b asM = Mu ∪Mr ∪Mc with some matchingMc of Gc. Then,
suchMc should be a perfect matching ofGc−((Xu−Ac) ∪ (Yr−Br)). This completes the proof. ut

SinceGc is a complete bipartite graph, it is not difficult to see thatπ(Gc; kx−ic, ny−ky−ic) =
ic!

(
kx

ic

)(ny−ky

ic

)
. Hence Lemma 2 readily gives Algorithm 2. To compute the number of perfect matchings

in a given chain graphG, we first call#M(G, 0, 0).

Proof (of Theorem 1).Algorithm 2 can be implemented by dynamic programming onT (G). For each
nodeG′ of T (G), we store the values returned by calls#M(G′, a, b) for all possiblea andb. If the depth
of G′ is d, then the number of such possibilities is at mostnx/2dd/2e ·ny/2bd/2c ≤ nxny/2d. Therefore,
the number of values stored for each node ofT (G) is O(n2/2d). At the call to#M(G′, a, b) we need
to look up at mostnxny/2d values. Note that the values of factorials and binomial coefficients can be
computed beforehand and stored as well inO(n2) time and space. Since the number of nodes at depth
d is at most2d, the overall running time is at most

∑2 log2 n
d=0 2dO(n2/2d) = O(n2 log n). The space

requirement is alsoO(n2 log n). ut
Note that ifnx−a = ny−b, thenπ(G; a, b) is the number of matchings of sizenx−a. Hence, Algo-

rithm 2 computes the number of matchings of each possible size. This implies the following corollary.

Corollary 1. Given a chain graphG = (X, Y, E), the number of matchings and the number of match-
ings of fixed size inG can be computed inO(n2 log n) time, wheren = |X ∪ Y |.
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Fig. 3. Comparison of three graph classes. (Left) A chain graph. (Center) A cochain graph. (Right) A threshold graph.

4 Polynomial-time algorithm for cochain graphs and threshold graphs

Similarity among chain graphs, cochain graphs and threshold graphs allows us to provide polynomial-
time algorithms to count the number of perfect matchings in cochain graphs and threshold graphs.

A cochain graphis simply defined as the complement of a chain graph. From Proposition 1, we can
immediately see that a cochain graph has the following property.

Proposition 2. Let G = (V, E) be a cochain graph andG = (X, Y,E) be a chain graph that is the
complement ofG. with |X| = nx and |Y | = ny. ThenX and Y are cliques ofG, and there exist a
decreasing order<X and an increasing order<Y such thatyny ∈ N(xi) \X for everyi ∈ {1, . . . , nx}
andx1 ∈ N(yj) \ Y for everyj ∈ {1, . . . , ny}, wherex1 <X x2 <X · · · <X xnx andy1 <Y y2 <Y

· · · <Y yny . ut
Namely, a cochain graph can be constructed from a chain graph by filling up both of the color classes

to cliques. See Fig. 3.
A graphG = (V, E) is a thresholdgraph if there exist a weight assignmentw : V → R such that

{u, v} ∈ E if and only if w(u) + w(v) > 0. The following is a well-known property (or actually a
characterization) of thereshold graphs.

Proposition 3 (Chvátal and Hammer [2]). For a threshold graphG = (V,E), a partition{X, Y } of
V with the following properties can be found inO(|V |+|E|) time. First,X = {x1, . . . , xnx} is a clique
of G, Y = {y1, . . . , yny} is an independent set ofG, and there exist a decreasing order<X and an
increasing order<Y such thatyny ∈ N(xi) \X for everyi ∈ {1, . . . , nx} andx1 ∈ N(yj) for every
j ∈ {1, . . . , ny}, wherex1 <X x2 <X · · · <X xnx andy1 <Y y2 <Y · · · <Y yny .

Namely, a threshold graph can be constructed from a chain graph by filling up one of the color
classes to a clique. See Fig. 3.

Since a cochain graph and a threshold graph possess a structure similar to a chain graph, we may
define a recursive decomposition for them analogously. An important difference is thatGc is not an
induced subgraph ofG, butGc will be a subgraph ofG with vertex setXu ∪ Yr and edge set consisting
of those edges betweenXu andYr. Namely,Gc is complete bipartite. Then, the equation similar to (1)
holds. The whole arguments are verbatim. Hence we obtain the following theorem.

Theorem 2. The number of perfect matchings in a cochain graph and a threshold graph can be com-
puted inO(n2 log n) time. ut

5 Hardness results

In this section, we prove the#P-completeness of counting the perfect matchings in split graphs and
chordal bipartite graphs. The#P-completeness for split graphs immediately implies that for chordal
graphs.
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5.1 Hardness for split graphs

A graph is asplit graphif the vertex set can be partitioned into two parts such that one part is a clique
and the other is an independent set. In other words, a split graph is constructed from a bipartite graph
by filling up one color class to a clique. A graph ischordal if every induced cycle has length three. It is
easy to see that every split graph is chordal.

Theorem 3. Counting the number of perfect matchings in a split graph is#P-complete.

V

G G′

U

Fig. 4. Reduction for Theorem 3.

Proof. We use a reduction from the problem to count the number of perfect matchings in a bipartite
graph, which is known to be#P-complete [18].

Let G = (U, V, E) be a bipartite graph with|U | = |V | = n. We construct another graphG′ =
(V ′, E′) out ofG by makingV a clique; that is,V ′ := U ∪ V andE′ := E ∪ (

V
2

)
. Fig. 4 illustrates the

construction. We can see thatG′ is a split graph.
Now, we claim that an edge subsetM ⊆ E′ of G′ is a perfect matching ofG′ if and only if M is

a perfect matching ofG. (This will imply that the numbers of perfect matchings inG andG′ are the
same. So, the reduction is persimonous.) SinceG is a subgraph ofG′ with the same vertex set, whenM
is a perfect matching ofG it is also a perfect matching ofG′. Conversely, assume thatM is a perfect
matching ofG′. Since every vertex inU is matched throughM with some vertex inV and|U | = |V |,
M only uses edges fromG. Therefore,M is a perfect matching ofG. ut

From Theorem 3, we can immediately see that counting the number of maximum matchings in a
split graph is#P-complete.

By utilizing an interpolation technique, we are able to show the following.

Theorem 4. Counting the number of matchings in a split graph is#P-complete.

Proof. For our reduction, we again use the problem to count the number of perfect matchings in a
bipartite graph, which is known to be#P-complete [18].

Let G = (U, V, E) be a bipartite graph with|U | = |V | = n. We construct a graphGi = (Vi, Ei) for
everyi ∈ {1, . . . , n+1} out of G as follows. LetV := {v1, . . . , vn}. For each vertexv` ∈ V , we use

a setV (`)
i of i vertices forGi whereV

(1)
i , . . . , V

(n)
i are all disjoint. We setVi := U ∪ V ∪⋃n

`=1 V
(`)
i ,

andEi := E ∪ (
V
2

) ∪ ⋃n
`=1 F

(`)
i , whereF `

i := {{v`, v} | v ∈ V
(`)
i } for every` ∈ {1, . . . , n}. Fig. 5

illustrates the construction.
For a graphH with n vertices, remember that we denote byµj(H) the number of matchings inH

of sizej, by µ(H) the number of matchings inH. Furthermore, letFi :=
⋃n

`=1 F
(`)
i .

Let us considerµ(Gi). Each matchingM of Gi potentially uses some edges fromE and some edges
from Fi. Let M usej edges fromE andk edges fromFi. Consider constructingM by first choosing
j edges fromE, thenk edges fromFi, and finally the rest of edges from

(
V
2

)
. SinceM is a matching,

7
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Fig. 5. Construction in the proof of Theorem 4.

we haveµj(G) ways to choosej edges fromE for M . Thenj vertices inV are already matched, so
there aren−j vertices left unmatched inV . Therefore, the number of ways to choosek edges fromFi

for M is
(
n−j

k

)
ik. Then there aren−j−k vertices left unmatched inV . Among them we choose some

edges forM . Therefore, the number of choices isµ(Kn−j−k), whereKn−j−k is a complete graph with
n−j−k vertices. This way, we obtain the following formula: for everyi ∈ {1, . . . , n+1} it holds that

µ(Gi) =
∑n

j=0 µj(G)
(∑n−j

k=0

((
n−j

k

)
ik

)
µ(Kn−j−k)

)
. In a matrix form, this can be written as




µ(G1)
µ(G2)

...
µ(Gn+1)


 = A




µ0(G)
µ1(G)

...
µn(G)


 ,

whereA is a matrix with row index set{1, . . . , n+1} and column index set{0, . . . , n} defined as

Ai,j :=
∑n−j

k=0

((
n−j

k

)
ik

)
µ(Kn−j−k) for every row indexi ∈ {1, . . . , n+1} and every column index

j ∈ {0, . . . , n}.
Claim. The matrixA defined above is non-singular (namely, the inverse ofA exists).

We would like to notice that the claim finishes the proof of the theorem. If we are able to know
µ(Gi) for every i ∈ {1, . . . , n+1}, then by computing the inverse ofA, we are also able to know
µj(G) for all j ∈ {0, . . . , n}. (Note that each entry ofA can be computed efficiently sinceµ(Km) =∑bm/2c

j=0 µj(Km) =
∑bm/2c

j=0

(
m
2j

) (2j)!
j!2j holds.) In particular we obtainµn(G), the number of perfect

matchings inG. This completes the reduction.
Therefore, it suffices to prove the claim. To do that, first observe that for each row indexi ∈

{1, . . . , n+1} and each column indexj ∈ {0, . . . , n} the i, j-entry Ai,j can be written asAi,j =∑n−j
k=0 ik

((
n−j

k

)
µ(Kn−j−k)

)
. Let B be a matrix with row index set{1, . . . , n+1} and column index

set{0, . . . , n} defined asBi,k := ik for eachi ∈ {1, . . . , n+1} andk ∈ {0, . . . , n}, andC be a matrix
with row index set{0, . . . , n} and column index set{0, . . . , n} defined as

Ck,j :=





(
n−j

k

)
µ(Kn−j−k) if 0 ≤ k ≤ n−j,

0 otherwise,

for eachk ∈ {0, . . . , n} andj ∈ {0, . . . , n}. Then, we can see that for everyi ∈ {1, . . . , n+1} and
j ∈ {0, . . . , n} it holds thatAi,j =

∑n
k=0 Bi,kCk,j . In other words,A = BC as a matrix. The matrixB

is a famous Vandermonde matrix, which is known to be non-singular. How about the non-singularity of
C? Since

(
n−j

k

)
µ(Kn−j−k) 6= 0 when0 ≤ k ≤ n−j, the upper-left half ofC is occupied with non-zero

entries, and the lower-right half ofC is occupied with zero entries. So, the matrixC is also non-singular.
(See Fig. 6 for the situation.) Thus,A is non-singular. (In particular,A−1 = (BC)−1 = C−1B−1.) ut
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B CA

0

= Vandermonde

non-zero

Fig. 6. The matrices in the proof of Theorem 4.

A modification of the proof of Theorem 4 shows the following. The proof is postponed to Appendix.

Theorem 5. Counting the number of maximal matchings in a split graph is#P-complete. ut

5.2 Hardness for chordal biparitite graphs

Next, we switch to chordal bipartite graphs. A bipartite graph ischordal bipartiteif every induced cycle
is of length four.

The#P-completeness for chordal bipartite graphs will be proven via the interpolation technique.

Theorem 6. The problem to count the number of perfect matchings in a chordal bipartite graph is#P-
complete.

Proof. We use a reduction from the problem to count the number of perfect matchings in a bipartite
graph, which is known to be#P-complete [18].

Given a bipartite graphG = (X,Y, E) with |X| = |Y | = n, we construct the following chordal
bipartite graphcbi(G) for eachi ∈ {1, . . . , n+1}. The vertex set ofcbi(G) is defined asV (G) =
X ∪ Y ∪ {pj,v,e | 1 ≤ j ≤ i, v ∈ X ∪ Y, e ∈ E} ∪ {qj,v,e | 1 ≤ j ≤ i, v ∈ X ∪ Y, e ∈ E}. The edge set
of cbi(G) is defined asE(G) = {{x, y} | x ∈ X, y ∈ Y }∪{{x, pj,x,e} | x ∈ X, e ∈ E, x ∈ e, 1 ≤ j ≤
i} ∪ {{y, qj,y,e} | y ∈ Y, e ∈ E, y ∈ e, 1 ≤ j ≤ i} ∪ {{pj,x,e, qj,y,e} | x ∈ X, y ∈ Y, e = {x, y} ∈ E}.
Namely, to constructcbi(G) from G, we replace each edge ofG by i paths of length three, and join the
vertices ofX andY by edges to make them complete bipartite. It is not difficult to see thatcbi(G) is
chordal bipartite. Fig. 7 shows an example.

cb2(G)cb1(G)G

x y

p1,x,e q1,y,e

Fig. 7. Hardness for chordal bipartite graphs.

Consider a perfect matchingM of cbi(G). We mapM to a matchingM ′ of G if and only if the
following conditions are satisfied.

– Whene = {x, y} 6∈ M ′, it holds that{pj,x,e, qj,y,e} ∈ M for all j ∈ {1, . . . , i}.
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– Whene = {x, y} ∈ M ′, it holds that{x, pj,x,e}, {y, qj,y,e} ∈ M for exactly onej ∈ {1, . . . , i}.
(Then, it must hold that{pj,x,e, qj,y,e} ∈ M for all otherj ∈ {1, . . . , i}.)

There are several perfect matchingsM that corresponds toM ′. We can count the number of such match-
ingsM from M ′. In the second condition, we havei choices for each edge ofM ′. Let |M ′| = k. Then,
this gives rise doik choices. Moreover, there aren−k vertices in bothX andY that do not appear in
these conditions, and they are supposed to be matched. Since these vertices induce a complete bipartite
subgraph ofG, the number of ways to match them is exactly(n−k)!.

In this way, we obtainπ(cbi(G)) =
∑n

k=0 µk(G)ik(n−k)! for eachi ∈ {1, . . . , n+1}, where
π(cbi(G)) means the number of perfect matchings incbi(G). In the matrix form, this can be written as




π(cb1(G))
π(cb2(G))

...
π(cbn+1(G))


 = A




µ0(G)
µ1(G)

...
µn(G)


 ,

whereA is a matrix with row index set{1, . . . , n+1} and column index set{0, . . . , n} defined as
Ai,k := ik(n−k)! for every row indexi ∈ {1, . . . , n+1} and every column indexk ∈ {0, . . . , n}.
We can see that the determinant ofA is the determinant of a non-singular Vandermonde matrix times∏n

k=0(n−k)!, thus non-zero. Therefore, from the equality above, we can recoverµn(G), the number of
perfect matchings of the given bipartite graphG, in polynomial time. ut

Again, more elaboration proves the#P-completeness of counting the matchings and the maximal
matchings in chordal bipartite graphs. See Appendix.
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A Postponed hardness proofs

Proof (of Theorem 5).We use the same reduction as in the proof of Theorem 4. Denote byµ̃(H) the
number of maximal matchings in a graphH. Then, forG and theGi’s in the proof of Theorem 4 it holds
that

µ̃(Gi) =
n∑

j=0

µj(G)




n−j∑

k=0,
n−j−k even

((
n−j

k

)
ik

)
π(Kn−j−k)




for everyi ∈ {1, . . . , n+1}. We can show that the corresponding coefficient matrix is non-singular in
the same way. ut

Next we will prove the#P-completeness of counting the matchings and the maximal matchings of
chordal bipartite graphs. This will be done via the interpolation technique again.

Theorem 7. Counting the number of matchings in chordal bipartite graphs is#P-complete.

Proof. We reduce the problem to count the number of perfect matchings in chordal bipartite graphs. The
proof uses a reduction similar to the proof of Theorem 4.

Let G = (U, V, E) be a given chordal bipartite graph with|U | = |V | = n. For each
i ∈ {1, . . . , n+1}, we construct a chordal bipartite graphGi = (Ui, Vi, Ei) as follows. LetV =
{v1, . . . , vn}. For each vertexv` ∈ V , we use a setV (`)

i of i vertices forGi whereV
(1)
i , . . . , V

(n)
i are

all disjoint. LetUi = U ∪ ⋃n
`=1 V

(`)
i , Vi = V , andEi := E ∪ ⋃n

`=1 F
(`)
i , whereF `

i := {{v`, v} |
v ∈ V

(`)
i } for every` ∈ {1, . . . , n}. Then, we can see thatGi is a chordal bipartite graph for every

i ∈ {1, . . . , n+1}.
It holds thatµ(Gi) =

∑n
j=0 µj(G)

∑n−j
k=0

(
n−j

k

)
ik. for everyi ∈ {1, . . . , n+1}. In a matrix form,

this can be written as



µ(G1)
µ(G2)

...
µ(Gn+1)


 = A




µ0(G)
µ1(G)

...
µn(G)


 ,

whereA is a matrix with row index set{1, . . . , n+1} and column index set{0, . . . , n} defined as
Ai,j :=

∑n−j
k=0

(
n−j

k

)
ik for every row indexi ∈ {1, . . . , n+1} and every column indexj ∈ {0, . . . , n}.

Then, by the same argument as in the proof of Theorem 4, we can conclude thatA is non-singular, and
thusµn(G) = π(G) can be recovered in polynomial time. ut

Theorem 8. Counting the number of maximal matchings in chordal bipartite graphs is#P-complete.

Proof. We use the same reduction as the proof of Theorem 7. For the constructed graphGi from a given
chordal bipartite graphG, let µ̃(Gi) be the number of maximal matchings inGi. Then, it holds that

µ̃(Gi) =
n∑

j=0

µj(G)in−j .

We can see that the corresponding coefficient matrix is Vandermonde, thus non-singular. ut
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