O0dooboodoooooooooooood
Polytopal Digraphs: Mathematics and Algorithms

g0 g
Yoshio Okamoto

gdododood ouo ooood
Department of Information and Computer Sciences
Toyohashi University of Technology

Toyohashi 441-8580, Japan
okamotoy@ics.tut.ac. jp

RN

gobooboobbooboobboobuoobbooboobbooobOoobooo
gbobooboobboobooobboobuoobbooboobobooboboobooo
gobooboobbooboobboobuoobbooboobbooobOooobooo
goboodgboooobooooo

Keywords: D00 UODO0OO0ODO0OOODOODOODODOODODUOHolt-Klee 'O

1 0000

000000000000 000000000 (pivoting algorithm) D000 00000
gbobuogobbuogbobbooobbooobuoobooobboobbooobooobb
gobogobbuogobbodbobuooobbooobbuoooboobobooobn
0000 (simplex method) O DantzigD 00O OOD0OO0O0O0O0ODOOO0OO000O0O0OO0O
00 Q0000000000000 00000000000 LemkeO 350000000
0000 Lemke-Howson O (34| 00 0000000000000 00O0O0O0OO0O0OOO0OO
gobogogbbobogbobbogbobbooboboobbooobobooobooon
000000000000 0O0O0000ODO0000O0O00bDODO000O0OdOKlIee & Minty
33] 0 DantzigO OO OO OO0O0OO0OO0OO0O0O0O00O0O0OO0OOO0O0O0OOOOOOOOOOO
gbobbuoogobboboooobbon

gbobbobuogoogbbbboooobbbbuooooobbbbooooobon
gbobogoboodgbobooobbuobbuoogbboobobooboobbbooanbn
gbbodgbbuooobbodobbuobobooobbobboobbooobboabn
gbobogobbobobbogboboogbbboobobooobboooboboobn
gbbodgbbuootobobodobbuoboboooooobboobbooobboabn
gobooo

gbobboooobbbooobbboooobbbuoogb souougboboooobn
gbboodgbbuoooboboobbuobobooobboobbooobbooboabn



gobobbooodgobobooooobobbuooooobobbooooob 40000
gbooggboogobooobooobooog sugboboboobbooboboaon
gbobogobogobdogbbodbbodbbooo eggbboobbooobooon
gobooo

2 OoOooboo

000000000000000000000000000000000000000
000 Ziegler 00 [62) 000000000000

0000 (convex polytope) D0 0000000000000 00000000000
00000000000000000000000 (00000000)00000000
00000000000000000000000000000000000000000
0000000000000000000000000000000000 2000000
00000000000000000000000000000000000000000
00 AeR™"00000becR"00000P={scR"|Az<b}000000000
D0000DA:z <b00000000000000000000000D0<000000
0000000000

0000 P CR"O000 (dimension) 000000000000000000000
acR"000becROODDOD0OO02zcR"000000000a’2<b0 POOOMO
00000 (valid inequality) 000000000 ze POOO0O0 a'2<b0000000
0000000000e=000000000000000000000 POOOOOOO
0000000000000000000 H={z|a'==50}000000000 POO
(face) 00O POOO0O0O0D0OD @2 <b00000PN{z|a'c=56}0000000
0000000000 POOOOOOOOOOOOOOO00000000POO0 PO
00000000 POOOOOOOOOOOOOOOOO POOOOOOOOOOOOP
000 (vertex) 000000010000 POO (edge) 0000000 POOOOnOO
00POOO0OOOR-1000000 PO0OOOOO (00O facet) 0000

0000 POOOOOOOOOOOOOOOOOOOOOODOOOOOO (face lattice)
00002000000 PPO0OODO0O0O0OOOOOO00000000000 (combi-
natorially equivalent) 0 0000000000000000000000000000C
000

0000 POOOOOOOOOOODG=(V,E)0OVOPOOOOOOOOOOO
OD000EODO0O020040v000000PO00000w0»0000000000000
00000000000000000000000000000000000000000
00000000000000000000

3 Uboouoodboubouooonog

000 GOOOOO (orientation) 000000000 {u,v} 0000 (u,v)000 (v,u)
oottt bbobbbbuobougdoooooooooon



goobgobodbboobbogbboouogobooobboobboobbuoono
gobobodo
00000 DO00v0DOOOO (sink) DO0000000000000000O0OwO
O00000000000000.20 DO0OOO (source) 000000000 000000OO
gbo000000000o0o00
gbobboobooboobooboobobboboobooboobn

3.1 0JUOoong

000000 (linear program) 00000 Ae R™"0 2000000 beR™ ceR”
O00000000Omax{c'z|Az<b,z>0}000xcR"00000000D00000O0
00000000000 (feasibleregion) 00 P={x e R" | Az <b,xz >0} 000000
00000000000000000000000000000000 max{c'z |z € P}
0000000000000 00000 LP(Pe)0D00D0O00ODOOOOOODODOOOOODOO
goodooooobboboboooooooouobobobbbbboooooooa

000000 pPOODOOOODOOODOOO LP(Pe)DDODODODODODOceR"O0OPO
000000200 z,y0000c'z#4c'y00000000000DO00O0O0O0DOOOO
O0cOPODOOODODODO (generic) 0000000 DDOOOO0O cO0 POODOOODOOOO
000000000 LP(Pe000D0O0OCOOOOOOOOODODOOOOO

0000000000 LP(Pe)D00D000OOOOODO POOO {x,y}000000OODO
c'z<cy0OODOODOOODO {=,y}0000 (x,9)0000000000000000
000c'z>c¢yOOOOD0O0O0O000O00O00 (y,2)000000000 POOOO
O00000oo0oU0ooOooO0oooDooo0g LP(Pe00000DOODOO POODODODO
0000000000000 0 LP(Pep000O0 (0DOD) 0000000000 O0O0OO
PCR*"OOODOOOODLPODOODO (LP-orientation) DO OOO0OO0OOPODODOODODOOO
OPOPOOOOODOOOOOOO ceR"O00O0O0O0O0O0OO0O0O0O LP(P,e)0O00O0O
00000 PO0OODOOOODOOOOODOOO0OOOD0OO00DO000000O000O00O0
gdd

DantzigD OO O ODOO0O0O0O0OO0O0O0O0D0OO0O0O0OOOOO (simplex method) 00000
O00000LP(Pe) 000000000 POODDOODODOODO POOOOOOOOOOO
0000 (00000O00)00o0O0o00o0O0U00OO0O0D YooDoooooooooooo
gdddgooooooobboboboobobbbbbbddddddduuoooooou
gooboooobobboooobobbooobbbuoooobbboooobobbooon

3.2 JUuooood

0000000 (linear complementarity problem) 00000 M € R 00000
gceR"OD0D000000w=Mz+q,w'2z=0,w>02>00000 w,zcR*"0O0O
OoobooooobobooooooboooobooooooobooOooooboooon



dodooooooooooodooooool1igoooooooouoooooooa
00'0000LCP(M,q)00000000i€ {1,...,n} 0000 w;0 %0000 (com-
plemantary pair) 000000 w'2 =00 w,z >00000004€{l,...,n}0000
Ow,=0000 z=000000000000 0000 w;0 000000000000
00000oooonD 0000000000000000 w=Mz+qUO q:ZLa@-xi
00d0ddobo00e; eRPOODOOD0OD0OD0O0O0O0O0O0O0O0O0O0O0O0O0O0O0O0x; =w; 00O
a;0 0000000000000 (O0ODOO ,00/00000)0000000w; =2
0dd e; 0 — ;000000 -MOO:000000000000 4,...,2, 00000
0000000000000 0000000000O000000 LCP(M,g)DOODOOOO
000020

000000q=Y",e:000000000 (0000000 A=(ay,...,a,) 00
000D0)0000000000 A¢q0000000000000000000000
000200000000000000x =w0000000 % =,00000000
1, =00000002 =w000000000000000000000000 a;0
00000000000000000000000000000000 (principal pivoting)
00030

0000000000000000000000000000000000000 €
{1,...,n}0000 2, =w;000 2, =%000000000000000000001(x) C
{1,....n}0I(x)={i|2,=%}0000000000000 20000 I(z)00000
0o0{1,...,n,}000000000 I(«x)000000000000000000{1,...,n}
0000000020000 1,JC{l,...,n}0000000000000000001
00000000000000000000000000,00000000000000
00000000000000000 200« 00000000/(x)0 [(z)000000
Doooo0o0o0o0

O0000n00000000000 I(x)0 [(¢)0000000000000000O 0
O0200000000I(x)00 I(¢)00O0O000D0000000000O0000O0O0O0OO
0000000000 DO0O0DDO0OD0DODoDoOonDO well-defineddOODOOOOOOOOO
goodbbogobbooobbooobboobbooobboobobboooboobo
O0000ooooboooboobOoooooobooooooDoonD M eRrR™O P-O0O
(P-matrix) 00 0000MOOOOOODOOO (principal minorD0 00000000000
O0000000)000000000000000000 LCP(M,q)UOMDO P-OODOO
O0000000q0nx2n00 (I |-M)O000n—-1000000000000000CDOOO
(00000 0 MOODOUOOOOO0O0O0O00O00000)00000000 well-defined
ooooboobooboooboboooboobuooboobooboboobob PLCPUOOO
O (PLCP-orientation) 0000000000000 MO P-0000O0qO MOOODOO
O000000000000000 LCP(M,q)DO0O0D00OO PLCPOOOOOOODOOODOO
0 LCP(M,q)0000000 [54]0

'D000000000000O000O0o0Oon

Do000O000ay,...,a, 000000 q0O0O00O00O0OO0OO

000000000000000000 (single principal pivoting) 00 000000000000000
ooooooboooogoo



4 0O000O0O00O0O0O0OO0O

ooobpPCROODOODODOOODOODLDODODLDOODLPDODODODODOOOO
OooooooobooooooobobD oobooobooobo pLCcPODOOOOOODOOO
oboooobon

4.1 LPUOUOO0O0OOODODOOOO

b0 rLpO0bOOo0obDO30bOo0bOOobDbOOobLOoOobOo0DbDOn

(0000 (acyclicity)] 0000 POODODOOOOOOOOOOOOOOO

[0 O00000 (unique sink property)] D000 POOOOOOOOOOOOO
rPOO0O0O0OO0ODODOOOODODODODOOO0ODODDODOOOODODOOOd

(000000 (unique source property)] D000 POOOODOOOOOOOO
OpOOOODOODOODOOOOOOODOODOODODOOOOOOOD

000000000000 Williamson Hoke [59] 000 OO0O00OO (completely unimodal

ordering) 0 Kalai [30] D0 O O0O0O0O (abstract objective function) 0000000000
0000000030 00000000000D0D000b0ObODOObO199800 Holt

&KleeDOOODOODODOODOOODODOODOODODO

[Holt-Klee 0 O (Holt-Klee condition)] D000 PODOOOOOOODOOO
0 POO0O0OO0 FOODOOODODODOODOOOIODO)DODOODOO (DOO)O
Ooobobs0O0bO0b0o0ob0oboboobooboboobobe0 FODO
gooo

Holt & Klee 26| 0 LPO D0 DODOO0O0O0ODOOO0O0O0O0O0DO0OOOOHHOt-KleeOOOOn
00000000000 ,000000000 Balinski [5| 00000000000 O0OO
gboooogn

ooo4000000ooooboooooooo LpObobobobobOo 20000
oboboobobobooobobobooboboobobob3gbooboboooon
00000 Mihalisin & Klee [42) 0000000000000 0O004000000000
0000000000000 0000O0Morris [44)]04000000000000000 4
O000000000LPOOOOODOOOODODOOO0DOODOOOODADO Pfeifle & Ziegler
[46)00000000000DO0DOOT7040000000000000000000O000O0
000000000000000 (0000 Felsner, Géartner & Tschirschnitz [11] O 00O
O000)0000Develin [10]0 n0D0000000000ROO0O0O0O0OO0O LPOOOOO
ob40000000000000bO0obD0oobOobDobobOobDoobOobOoboLbOoD
0 O Felsner, Gartner & Tschirschnitz [11] D0 00000 90 7000000004000
00000000 LPO0OO0OOOOOOOOODOOO(DODOODOOOOO —OO0O0OO
000000000oooooooo)o



oboo4000 LPOOO00O0ODOODODOODOODODOOODODOODODOODO40
O0o0o000o0O0O0O000O0O0O0OCCOCOCOCOC0OOOOOD (DODDODODODOOODO)400
gboogobuogbbodgbbooboooobobbobn40boobobuoobbooboon
471 000000000000000O0DOOO0OO

4.2 PLCPOUODOOOOODOOOOO

POOM e RO MODODODOOOODODODDOO q e RROODODODDOOOO
LCP(M,q) 00000 0000000 PLCPOOODODOOOODO

Stickney & Watson [54] 0 197800000 PLCPOOOOOOOOOOOOOOOODO
gbbodgbboodbbobbuoobuooobbuoobbooobbuoobobboobb
000000000000 20000000300 PLCPOOOOODOOOOOODOOO
000000000000 (DOo00OO0O0oo0ooO0O)300PLCPOOOOOOOOOOO
000000000000 Gaertner, Morris & Riist [18] O PLCP O 00 OO Holt-Klee O O
OobooboooobobobobooPLCPOODOOOOODODOD3000OLPOODO
gboboogoooboooobon

Stickney & Watson [54] 000 300 PLCPUOOOOOOOOO300000000O0O
OO0 PLCPOOODOODOOODOODOODOODOO Holt-KleeODOODOOODOODOODODOOD
0000400000000000000000000 Morris [44 00000000 PLCP
gobogobooooboobboobobooobbooobbooboooboobon
00 Develin (100000 PLCPOODOOOODODOOOOOOOOO

Stickney & Watson [54] 0 300 PLCPOOOO0OO0O0DOOOODO3000000000O
Ooooob pPLCPOOO0OODOOODOOODOODOODOOODOODOOOODOOD
O0000000000000030000000 Stickney & Watson [54] 00000000
O000000000000000040000000 Morris [44) 00500000000
00000000 Moriyama & Okamoto 43| 0000000000000

4.3 0000

Morris [45] D00 000 LPOOODOO PLCPOOOUOOODOOOOOOOOLPOOO
OO0 PLCPOOOOOODOODOODOOODOOUODODOOODODOODOODOOD
gbobbooodgobbod

P
USao




O0oDousoOnDoO0oO0oOo0oooooO0ooO0ooO (unique sink orientation) O 0O O
OO0000000oooO0ooo0oooboooooooobobooooobOOooooooonod
O0000000000AUSOOO0O0DO0O0O0000O USO (acyclic unique sink orientation)
O0000000HKOODO Holt-KleeO OO OO O USO (Holt-Klee orientation)d AHKOO O
000000 HKO (acyclic Holt-Klee orientation) 0000 00000000000000O
OoOO000000000000 PLCPOOOOOOOOOUSODOOO0O0O0O0O0O0O0O00O
oo0booooooooooobobobooooooooobobobon

5 Uooonon

oooooooobobdg LpoooooooooooooobobobogboobgoP-
OOo0o0o0bO0o0obO0o0obOoobooobooobOoPLCPOODOUOODOODOODOOD
gbbodgbboodbbugobbuoobbuooboobbooobbuoobobboabn
gboobooggoboboooobon

gogggobbobboooooobbboooogoobobboooooobon
gbobobobooobbuoodobbuoobobuoobbuoobobbooobbooobb
gobobobogbbogbbuoggbbooobboobuooobbuoobbobooonn
gbobogbboodbbobbuooobbuoobbooobbuoobboooboobb
gbobodgbobuogobbogbggbbuogobooobbuoobbooobboonn
gbbodgbboodbbuobuooouooobboobbooobbuoobobboobb
000 (0D000000000o0o00000oooOo0o0oooO)0obooooDoO0 (DOO
O000000ooo)oooooo

00 OGartner & Schurr 200 000 0000000000000 USOODOOODOOOO
0000000000000 0000000000000000000000000O(O
O00000O0ouUsoooooooooooooooooooooDoon)

5.1 U0O0O0OOOO0OO0OODODOOO

gbobbbuooooobbobbuooooobbbooooobbobbooooobon
gbobogboboodbbuogbobooobbooobboobbobboobboabn
gooo

gbobbbuodooogbbbboooobbbbuooooobbobbooooobon
gobogoboodgbbuogoboobbuoobbooobboobobooobbobn
gboboggbboobbooboobbboobobbuooobbooobboooobb
gobogboboodbbuogbobooobbuooooooboobbuoooboboabn
gbbogbboodobuoobobbooobbooobbobbooobboobbooobb
gobogbbuogobbuobbugoobobooobboobobboobboooban
gbbogoboodbboodbbuooobooboobboooboobbooobb
gboogboboobobodbboobboobobbobobboobobbooobbooabn
gbobboogobbboooon



000000000000000000000000000000Bland00000O0
00000000000 0000000000000000000000000000
D00000000000000000000000000000000000000000
0D000000000000000Klee & Minty [33) 0000000 Klee-Minty 000
(Klee-Minty cube) 00000000 2"000000 Avis & Chvatal [4 D00O0O0OLPOD
00000000000000000000000000000000000000000
0000000000000000000Bland000000000000D0O0O0000O0
D000000000000000Klee-Minty 0000000 LPOOOOOOODOO (O
D00000000000)0000000000000D000000000000000
000000 (deformed product) 0000000000 Amenta & Ziegler (3] 000000
000000000000000Bland00D000000O0000 Qm»)000000
D00000mOn0000000LPOO0DOODODOODODOOOOOO0DO0m
0D,00000000000O0m™2hOoOoDDDODO0O0DO0O0D00000 [41,52)000
0D000000000000000000000000000000000000 Kaluzny
(31 000000000000

000000 LPOO0OOODDOOO0ODOODDOODDO0ODOODDO0DO0
0000 Fukuda & Kaluzny [12) 0000000000000 0O0O (criss-cross methodO O
000000000000000000000000000000000000000)0
0D0000000000000000000000000000000000000000
0000000000000 0000000000OZiegler 63040000000 f-O
0000000000000000000000000000D00000000 fatness O
00000000000 4000000000000000

00000000000000000000 Zadeh [60] 000000000 Zadeh OO
D00000D00000000000000000000000000000000000
00000000000000000000000000000000000000000
O0Klee-Minty 00000000000 (LPOODOODODOOOO)USOODOOOOODOO
0000000000000000000000000000000

5.2 UUO0OOOOLOOoOobuooboboboboobod

0000000000 USO (000000000 0OD0O0O0O0)000000000Szabd
&Welzl 55| 00000000000 0OOOOOOOOOOOODO 20000000000
gbobgbobooggbboobboobooobboooboooobbuooobboabn
gbbogobbboodbboogbbooobbooboobbooobbooabb
googbdoboboooooboboboooobobobooboobo 1o p-OobOD
gbboodbbuoobbooobboodgbbodobbuoobbooobooobboabn
goo

O00,00000000000000 000 SOO0O0DO0O020000000002
0000 A Be2°000000000000000000AD BOOOOODODOO1
000000000000000000D0000000000D0000000000 250

0000000000 DantzigODOOOOOOOO0OO0OO0OO0OO0O0O0D0D000ODODOOOOOOOOO



D000000000D02000000 ALBCSOACBOOOOOODODODO [A,B]O
[AB]:={X|ACXCB}ODOOODODODODOOODODO 0000000000000
O0(0D0000000D0)0000000000000 |B|—|4/0000

O000000000000000000000000000010000000000
O (product algorithm) 00000 0000000000000 D00O0O0DOOOOCCSOO
00020 USO0000D0020000000000000000000O0 XCcCcn0n
D00 [X,Xu((S\(C)000O0OoDO000O0O0»—k00000000(0000k=1C|0
00)000000000000000000000000000000000 uso0ooaon
D00000000sx000000X,YCCODO20000000000000ze€C\Y
D000 XUu{z}=YOOOOOOOO0OO0OO0OOOOsxu{x}02¥0000000sy )\ {2}
02XX000000000002°00000000000 sx00sxU{z}0000000
00020000 XO0O0YOOOOOOODOsyOOsy\{2}00000000002°0
D00YOOXOODOOOOOO0OO000020000000000000 uso0ooon
0000000000 USO00DNDDN00NDDoN0@O000000N0Nnnonoonoononon
O0000000000000000000000)0000000sy00 sy\{2z}000O
00000000000 0sxU{z}00sx00000000000000000000O0
oooog

00020 USO0000000000000000000000000 290 USODO
D000D0000000D0000000000000 2°0000000000000002¢
O00000000000000000002°00000000002°00000000
D000000000002°0000 X CcCcO00000d0000ooooooooong
D0000000([X,Xu(S\C)00O0D0DDOooooooooooooo 200000
D0000000000sx 0000000000000 sx000000000000O0
0000000000000 2°0000 XO0000000000000o0oo0oooooo
0000200000000 000000000/0000000000O0DODOOOOO0
O00000¢+()00000000002000000000010000000002%
O00000000000¢n—k)00000000D0D0DOODOO0002°0000 Z000
000000000000 0000000002000s,00000000000 sz0 2%
O00000000000000000000O0Ds,000000002°0000000
O0«k) 000000000000 2°000000000¢n—k)00000000000
0000000000000000000 ¢(n) <tn)t(n—k 0000000000000
00000000000 k0000¢n) <tk)DD0D000000¢2)=300000
t(n) =0(3"?)=0(1.732")0000000000000000000000 AO0O000 t(k)
D000000#4)=70000000000000000000¢n) = 0(7/*) = 0(1.623")
oooood

2000 Szabdé & Welzl [55] 0 000 Fibonacci 0 O 00O (Fibonacci Seesaw) 0O 00O
D0000000000000000000000R00000000000000000
00D+0000000x,-10000000004:0000000000000000 20
0D:000000000000000000000000000000000000000
00000000000000000000000000000000000000000
D000002°00 [A,B]O00OD0 (antipodal face) DO DO[S\ B,S\ A 0000000
O00000000000000000000000000000000000 Fibonacci



O0000000004:000:000 F=[A,Bj0000O0O0GOOOOOOOOOOOO
OspeFseceGOUOOOODOOODODODODODODODOODODODODOODOODOOoDOoDOO
0000000000000 000D00ze(S\B)UADODOOOO FOzOOOOODOOO
0OFOO0O00s,00000000000000GO0 000000000 GO0O00 sg
0000000000000000000000%M000000000000000000
000 :000000000000000 s0 FOOO0O0ODOOOOOOODOOOG'O
FFOooooooooooooooooooo Goooodbooooooooobooog
000G 00000 sq000000000000 G'0D000 GOOOOO000000nn
000000000000 0D00000D00D00DO0000D000D«+10 F'Oo G'od
O00d0ooobooboobobooboobooobouo4b0b0oobOoousoon
O0000070000000000000000000D0O0O0O00000000O0OO0(1.606™)
O000000000000000000 (Bs|000000nd

0000000 Schurr & Szabé [50] 00 000000000000 Qn2/logn) 000
0000000000000 DO00D0DOO00OD0DOO00O0DODnODO000D000 AUSOOOO
000000 Schurr & Szabéd [51] O Kaibel 27] 0 0000000000000 0O (bottom-
antipodal algorithm) 000 (00000000000 O0)00000O0O00OO0OOOOOOO
000000000000 00000D00DbO0O AUSODODODOOOO

5.3 UUuobooooooon

00000000000000000000000000000000000 (000
00000000000000000)00000000000000000000000
00000000000000000000000000000000000000000
000000000

0000000000000000000000000000000000000000
00000000000000000000000000000000000000000
00000000000000

000000000000 (random facet rule) 0 00000000000000000
00000000000000000000000000000000000000000
000000000000000000000000000000000000 10000
00000000000000000000000020000000000000000
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
000 Kalai 29 000000000000000 Sharir & Welzl 53] 000000000
00000000000000000000000000000000000 Goldwasser
23000000000

Kalai [29] O Matousek, Sharir & Welzl [39) 0000000 mO 20000000 AUSO
00000000000000000000000000000000 exp(O(y/nlogm))D
00000000000000000000000000000000000000000

S0 F=[A,B|0 x0000000000002zeA000 [A\{z},B]0000000002¢BOOO
[A,Bu{z}]00000000000



O00OGéartner 14 0 n0000000 AUSOODOOOOOOOOODOOOOOOOOO
00000000000000000Oexp(2y/n)0000

O000000000000000000000 Matousek [38) 0 nO0 000000 AUSO
0000000000000000000000000000000 exp(Q(yvn)00O0OO
gbbuogdgbbuoodgbuodgbbooobuobboobbuooobbuooobbooobb
gboboboooobboogobobod

O0O0OMatousek [38) DOOODOOOOO AUSOD LPOOOOOOOOOOOOOO
0 O Gartner [14] O Matousek 0 0000000 LPOOOOOOOOOOOOD DO OHolt-
KleeOOODOODOOODOOOODOOOODOODODODOODOODODOOOODODO
00O0CX*)0000000D00D0N0N00OLPOOODODODDOOODOOOOOOOODOOO
gbbobobbbuoogoooogoobboobbbbdouooooooobbooood
Klee-Minty 0O 00O Matouwsek U D OO OO0O0OO0OODO LPOODOODOODOODOOOODOO
0 0 O Géartner, Henk & Ziegler [16] 000 000000000000000O ©M®)0OO0O
O00000000000000 Gartner (14 000000000000 DODOOOO

OobO0oooooooboousogooobooobboboooboooobooboboobog
gboboboooobbbooon

54 UUOOLOOOoO0O

0000000 (randomedgerule) 00 0000000000000 0O00OOOOO0O
gbobogouobobuogobbuogobbuooobblooobbuooobbooobn
gbbboogobbobuooan

gbobbobuooooobbobbooooobbboooooobbbooooobbon
gbboboooobbbuogoobbboooobboooobboboooon

00000 PLCPOODOOOOOOOMorris [45)0000000COCCODOO0O0OOOOO
000000 Q((n—1)/2))000000000000000000000000000
pLCpODOO0O0OD00O0DOOODOOOODOOUODOODOnRODOODOODOOO2'DOOO
O00oo0oboobooobboO MorrisODOOOooooooooooooboboboboo
0000000000000 MorrisOODODOO0O GartnerDOO0O0O0O (5] 000000
O00000000oooooooo(PLCPOODOOOODOOO)OOOOOUSOOOOO
Gartner [15] 0 O(r"™H OO ODOODOO

gbobbobuooooobbobbuoooobobbbouooobbobooooobon
O000000000000000000000000000 Géartner & Kaibel [17/ 0000
OO0000000ooboobobo0vwOonOoOOoOoDOOAUSOODOOOOODODOOOO
0000000 O(w/y/n)DODUDOUDOO0OODDDOODt0D00DONDOOD0OODO0O AUSO
000000000000000000000 o(2v/n)yODOOODOUODOOODOUODOOOO
(000O000oooooot+t0oooo)o

000000000000 00000000000Klee-Minty0 OO0 OO0 OKelly [32]
O Klee-Minty 000 0000000000000 O0O0OO0OODO OMR)ODOOOOOOO
00000000 Williamson Hoke [59] O Gértner, Henk & Ziegler [16) 00000000
000 Gértner, Henk & Ziegler [16] O Q(n?/logn) 00 00 0 0O Balogh & Pemantle [6]



0000 Qr*)0000000000000Klee-Minty0DOODOODOOODOODOODOO
Or’) 00000000000
000,000000000000000000O0O0O(R)OOD0O0D0O0O0OnO000
Ooooooooooooboooooooobbo0 booooobooooooboooooooo
000000000000 MatousekOOOOO 380 0000000O0OO0OOO0O nO
000000 AUSOO0DO0ODODOOOOODOOONODONONOoOOoOW)OD0DOooooo
000000000000 00000000000 Matousek & Szabé [40) OO0 O OO0
O000000,0000000AUSOOOOODOOOOODOOOOOO000O exp(Q(n'/?))
O00b0oo0o0obO0o00ooooboo0obonbooOn Holt-KleeDOOOOOOOOODOOOO
OO0 AHKOOOOOoOooooooooobooooooboooooooboooboooooo
Oooooooon
00 (simplex) 0 USOOOODOOOOOOOOOOODOOOOOOO B(ogn)0 OO0
ODoboooboboooboooogousonbooooboi1ooooobooooooLpbOOO
OoobooooooooobooooboooornbooboObOO0O0OOOO0O0ODOORn+100000
Oo00bOnO00000000O0O000O0O00O0n+200000000000000000
000000000000 0000000000 Gartner, Solymosi, Tschirschnitz, Valtr &
Welzl 21|00 0000000000000 00O0O0O0O0n+20n00000000 LPO
00000000000000000000000 O(og®n)0000000000000
00 QUog’n) 000000 LPODDDODODODDDOOOOFelsner, Gértner & Tschirschnitz
b7 000000 AHKOOOOOOOO (Tschirschnitz (57 0 00000)000000OO
n+30n00000000000 Tschirschnitz [57] 0000000000000 0O0O0O
Qlog’n)00D0 LPOODOOOODODDOOOO
Oo3000000000000b0000000 030000000000 Euler0 O
Oooboo2n000000000300000000LPOOOOOODOOOODOOOO
000000000 OoO(n)D0000DOO00DODOO0OO0DODOO0ODODOOOOODOOOOOOO
000000000000 Kaibel, Mechtel, Sharir & Ziegler [28) D0 O00O0O00 nO 300
OobobooobOoooooboboobobooobooobonob 14943n0001.3473n 0000
Ooooboooooooooooooobooooooooooboboooooobooooooogoo
OO000000000000oDO0O00000000000D0DDDDOD Mihalisin & Klee
42 00000030000000LPOOOOO AHKOODODOOOOOOOOOOOOOO
4000000000000000000000000O0GIillmann (220400000
00 (cyclic polytope) OO (polar) OO0 D000 OODOOOOODOOODOOOOOnO0ODOO
000000000000 0000O(m)DO0DODODOOO00OO
OoooooboooooboooobooboooboooboobobooooboooobooobbOooon
0000000 Tovey 56| 00000000

5.5 U0O0OOOLOOOO0OO0OOOLbOOOOO0oOoOn

00000 USO00D00000000000000000000000000000
0000000000000000000000000000000000000000
000 kOD0O00¢k)O0000000Rote 48] 0000000000000000 ¢3) =



4074633/1369468 < 2.976 0000000 O t(n) = O¢(3)™/3) = 0(1.438") 000000

6 UUoooonon

gbbuogooggbbuooobbuobobooobbooobbuooobbooobobo

6.1 OOOOO

Gértner & Rist [19) 00000000 (simple stochastic game) 0000000000
OOooobooooooooogousoobooooooooboooooooooobooogoon
OO00000D00O0O00bOoUSsoO0b0O00obDOo0obOb0b0O0DOOD Gartner, Morris &
Riist [18] 00 00000 0OODO O Ludwig [37]0 Bjorklund & Vorobyov [7]0 Halman [24] O
goboggbbuooobobuoobbooobboobobboobbooobbooobon
gbobbuoooobbooboooobon

000000 (bimatrix game) 00 00O Lemke-Howson O (34| 00000000000
O000000000000000000 von Stengel 00O [58] 00O O O Lemke-Howson
O0n2nxnO0O00D00OO NashOOODOOOOODODOOOODODOOOOOODODODOOD
0 O Savani & von Stengel 49| 000 0000000000000 0OO 1434"000000
gooo

6.2 0O0OOO

00000000000000000000000000000O0,0000000 (USO
D00000)0000D000000000000000000000000000000
00000000000000000000000000000000000000000
D000000000000D0000000000000000000000000000
D0000000000000000O00OLlewelyn, Tovey & Trick [36) 00000000
Dooooooo Q@Y D000000000000000000000000000
D0000000Aldous [2] 0272 0000000000000 O Aaronson [1] 000
0 Q2Y?/n*) 00000000 Zhang [61] O Q(2%¥2y/n)000000000000000
000000000000000000000000000000000

6.3 UUUOLUOOooooon

Fukuda, Moriyama & Okamoto [13] 00000000000 Holt-KleO OO OO OO
gbbuogoboobbooobbuoobboobbboobboobboobboab
ObobobobboobobooboobuooboobuoobuobbOobn Holt-Klee DO OO
gbbuogbboobbboobbuooobbooobboobbuooobbooobab
000000 (primal) OO0O00OO0O00O0O00OOOOOOO0OOOOOOOOO (DOOO
O00000)0O Holt-KleeOOOOOOOOOOOOOOOOOOODOOODODOODOOOO



0000000000000 0000000000000CCOC0CO0O0O0O0 (deal) 00O
gbobogobbuogbuoogbbuoobbooboboboobboboobbooabn
O000000000000000 [BooooooOd

HEN

oobooobooboobooooobooboooob ETHOOOOOOODOOODOOO
OO000ooDO0ob0obobo0oo0oooooooobDobobOob EmoWelzlDODOODOO
gooooooobooboobooboboobooboboboboboboboboboboo
gbbobooogbbobuoooobobuoooobbobooooobooan

Ooon

[1] S. Aaronson. Lower bounds for local search by quantum arguments. SIAM Journal on
Computing, 35:804-824, 2006.

2] D.J. Aldous. Minimization algorithms and random walk on the d-cube. Annals of
Probability, 11:403-413, 1983.

[3] N. Amenta and G.M. Ziegler. Deformed products and maximal shadows of polytopes. In
B. Chazelle, J.E. Goodman, and R. Pollack, editors, Advances in Discrete and Compu-
tational Geometry, volume 223 of Contemporary Mathematics, pages 57-90. American
Mathematical Society, 1998.

[4] D. Avis and V. Chvéatal. Notes on Bland’s rule. Mathematical Programming Study,
8:24-34, 1978.

[5] M.L. Balinski. On the graph structure of convex polyhedra in n-space. Pacific Journal
of Mathematics, 11:431-434, 1961.

[6] J. Balogh and R. Pemantle. The Klee-Minty random edge chain moves with linear
speed. Random Structures & Algorithms, to appear.

[7] Henrik Bjorklund and Sergei Vorobyov. Combinatorial structure and randomized subex-
ponential algorithms for infinite games. Theoretical Computer Science, 349:347-360,
2005.

[8] R.G. Bland. New finite pivoting rules for the simplex method. Mathematics of Opera-
tions Research, 2:103-107, 1977.

9] G.B. Dantzig. Linear Programming and Eztensions. Princeton University Press, Prince-
ton, NJ, 1963.

[10] M. Develin. LP-orientations of cubes and crosspolytopes. Advances in Geometry, 4:459—
468, 2004.



[11]

[12]

[13]

[14]

[15]

[16]

[19]

[20]

[23]

[24]

S. Felsner, B. Gértner, and F. Tschirschnitz. Grid orientations, (d, d+2)-polytopes, and
arrangements of pseudolines. Discrete & Computational Geometry, 34:411-437, 2005.

K. Fukuda and B. Kaluzny. The criss-cross method can take Q(n?) pivots. In Proceedings
of 20th Annual Symposium on Computational Geometry (SoCG), pages 401-408, 2004.

K. Fukuda, S. Moriyama, and Y. Okamoto. The Holt-Klee condition for oriented ma-
troids. Manuscript, 2006.

B. Géartner. The random-facet simplex algorithm on combinatorial cubes. Random
Structures & Algorithms, 20:353-381, 2002.

B. Géartner. Randomized algorithms: An introduction through unique sink orientations.
Lecture Notes, ETH Zurich, 2004.

B. Gartner, M. Henk, and G.M. Ziegler. Randomized simplex algorithms on Klee-Minty
cubes. Combinatorica, 18:349-372, 1998.

B. Gartner and V. Kaibel. Two new bounds for the random-edge simplex algorithm.
SIAM Journal on Discrete Mathematics, to appear.

B. Gartner, W.D. Morris, Jr., and L. Riist. Unique sink orientations of grids. In Pro-
ceedings of 11th Conference on Integer Programming and Combinatorial Optimization
(IPCO), volume 3509 of Lecture Notes in Computer Science, pages 210-224, 2005.

B. Gartner and L. Riist. Simple stochastic games and P-matrix generalized linear
complementarity problems. In Proceedings of 15th International Symposium on Fun-
damentals of Computation Theory (FCT), volume 3623 of Lecture Notes in Computer
Science, pages 209-220, 2005.

B. Gértner and I. Schurr. Linear programming and unique sink orientations. In Pro-
ceedings of 17th Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), pages
749-757, 2006.

B. Gértner, J. Solymosi, F. Tschirschnitz, P. Valtr, and E. Welzl. One line and n points.
Random Structures € Algorithms, 23:453-471, 2003.

R. Gillmann. The random edge simplex algorithm on dual cyclic 4-polytopes. Preprint
available at arXiv:math.CO/0605117, 2006.

M. Goldwasser. A survey of linear programming in randomized subexponential time.
SIGACT News, 26(2):96-104, 1995.

N. Halman. Discrete and Lexicographic Helly Theorems and Their Relations to LP-Type
Problems. PhD thesis, School of Mathematical Sciences, Tel-Aviv University, 2004.



[25]

[20]

[28]

[29]

[30]

[31]

[32]

33]

[34]

[35]

[36]

P. Hammer, B. Simeone, T. Liebling, and D. de Werra. From linear separability to
unimodality: A hierarchy of pseudo-Boolean functions. SIAM Journal on Algebraic and
Discrete methods, 1:174-184, 1988.

F.B. Holt and V. Klee. A proof of the strict monotone 4-step conjecture. In B. Chazelle,
J.E. Goodman, and R. Pollack, editors, Advances in Discrete and Computational Geom-
etry, volume 223 of Contemporary Mathematics, pages 201-216. American Mathematical
Society, 1998.

V. Kaibel. Bottom-top graphs. Presentation at “Towards the Peak,” Workshop on
Unique Sink Orientations and Combinatorial Methods for Optimization, 2001.

V. Kaibel, R. Mechtel, M. Sharir, and G.M. Ziegler. The simplex algorithm in dimension
three. SIAM Journal on Computing, 34:475-497, 2005.

G. Kalai. A subexponential randomized simplex algorithm. In Proceedings of 24th
Annual ACM Symposium on Theory of Computing (STOC), pages 475-482, 1992.

G. Kalai. Linear programming, the simplex algorithm and simple polytopes. Mathe-
matical Programming, 79:217-234, 1997.

B.L. Kaluzny. Linear Programming: Pivoting on Polyhedra and Arrangements. PhD
thesis, School of Computer Science, McGill University, Montreal, 2005.

D.G. Kelly. Some results on random linear programs. Methods of Operations Research,
40:351-355, 1981.

V. Klee and G.J. Minty. How good is the simplex algorithm? In O. Shisha, editor,
Inequalities 111, pages 159-175. Academic Press, New York, 1972.

C. Lemke and J.T. Howson, Jr. Equilibrium points of bimatrix games. Journal of the
Society of Industrial and Applied Mathematics, 12:413-423, 1964.

C.E. Lemke. On complementary pivot theory. In G.B. Dantzig and A.F. Veinott,
editors, Mathematics of the Decision Sciences, Part 1, volume 11 of Lectures in Applied
Mathematics, pages 95-114. American Mathematical Society, Providence, RI, 1968.

D.C. Llewellyn, C.A. Tovey, and M.A. Trick. Local optimization on graphs. Discrete
Applied Mathematics, 23:157-178, 1989. Erratum in Discrete Applied Mathematics
46:93-94, 1993.

W. Ludwig. A subexponential randomized algorithm for the simple stochastic game
problem. Information and Computation, 117:151-155, 1995.

J. Matousek. Lower bounds for a subexponential optimization algorithm. Random
Structures € Algorithms, 5:591-607, 1994.



[39]

[40]

[41]

[44]

[45]

[46]

[47]

[49]

[50]

[51]

[52]

J. Matousek, M. Sharir, and E. Welzl. A subexponential bound for linear programming.
Algorithmica, 16:498-516, 1996.

J. Matousek and T. Szabé. RANDOM EDGE can be exponential on abstract cubes.
Advances in Mathematics, 204:262-277, 2006.

P. McMullen. The maximum numbers of faces of a convex polytope. Mathematika,
17:179-184, 1970.

J. Mihalisin and V. Klee. Convex and linear orientations of polytopal graphs. Discrete
& Computational Geometry, 24:421-435, 2000.

S. Moriyama and Y. Okamoto. The even outdegree conjecture for acyclic PLC P-cubes
in dimension five. IEFICE Transactions on Information and Systems, E89-D:2402-2404,
2006.

W.D. Morris, Jr. Distinguishing cube orientations arising from linear programs.
Manuscript, 2002.

W.D. Morris, Jr. Randomized principal pivot algorithms for P-matrix linear comple-
mentarity problems. Mathematical Programmaing, 92:285-296, 2002.

J. Pfeifle and G.M. Ziegler. On the monotone upper bound problem. Ezperimental
Mathematics, 13:1-11, 2004.

J. Richter-Gebert. Realization Spaces of Polytopes, volume 1643 of Lecture Notes in
Mathematics. Springer Verlag, Berlin Heidelberg, 1996.

G. Rote. Optimal randomized strategies for unique sink orientations of the 3-
cube.  Presentation at “Towards the Peak,” Workshop on Unique Sink Ori-
entations and Combinatorial Methods for Optimization. Resources available at
http://www.ti.inf.ethz.ch /ew/workshops/01-lc/grote.html, 2001.

R. Savani and B. von Stengel. Hard-to-solve bimatrix games. FEconometrica, 74:397—
429, 2006. Erratum available at http://www.maths.lse.ac.uk/Personal/stengel/bvs-
publ.html.

I. Schurr and T. Szabé. Finding the sink takes some time. Discrete & Computational
Geometry, 31:627-642, 2004.

[. Schurr and T. Szabé. Jumping doesn’t help in abstract cubes. In Proceedings of 11th
Conference on Integer Programming and Combinatorial Optimization (IPCO), volume
3509 of Lecture Notes in Computer Science, pages 225-235, 2005.

R. Seidel. The upper bound theorem for polytopes: An easy proof of its asymptotic
version. Computational Geometry: Theory and Applications, 5:115-116, 1995.



[53]

[54]

[55]

[62]

[63]

M. Sharir and E. Welzl. A combinatorial bound for linear programming. In Proceedings
of 9th Annual Symposium on Theoretical Aspects of Computer Science (STACS), volume
577 of Lecture Notes in Computer Science, pages 569-579, 1992.

A. Stickney and L. Watson. Digraph models of Bard-type algorithms for the linear
complementary problem. Mathematics of Operations Research, 3:322-333, 1978.

T. Szab6 and E. Welzl. Unique sink orientations of cubes. In Proceedings of 42nd IEEE
Symposium on Foundations of Computer Science (FOCS), pages 547-555, 2001.

C.A. Tovey. Low order polynomial bounds on the expected performance of local im-
provement algorithms. Mathematical Programming, 35:193-224, 1986.

F. Tschirschnitz. LP-related properties of polytopes with few facets. PhD thesis, Depart-
ment of Computer Science, ETH Zurich, 2003.

B. von Stengel. Computing equilibria for two-person games. In R.J. Aumann and
S. Hart, editors, Handbook of Game Theory with Economic Applications, volume 3,
pages 1723-1759, Amsterdam, 2002. Elsevier. Chapter 45.

K. Williamson Hoke. Completely unimodal numberings of a simple polytope. Discrete
Applied Mathematics, 20:69-81, 1988.

N. Zadeh. What is the worst-case behaviour of the simplex algorithm? Technical
Report 27, Department of Operations Research, Stanford University, Stanford, CA,
1980.

S. Zhang. New upper and lower bounds for randomized and quantum local search. In
Proceedings of 38th Annual ACM Symposium on Theory of Computing (STOC), pages
634-643, 2006.

G.M. Ziegler. Lectures on Polytopes, volume 152 of Graduate Texts in Mathematics.
Springer Verlag, New York Berlin Heidelberg, 1998.

G.M. Ziegler. Projected products of polygons. FElectronic Research Announcements of
the American Mathematical Society, 10:122—-134, 2004.



